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CERTAIN MATHEMATICAL CONCEPTS I. ORTHOGONALITY OF PRIN-
CIPLE OSCILLATIONS OR MODES OF A VIBRATING SYSTEM. 
A certain relationship between functions, known as an orthogonal 
relationship, is very useful in bio-mathematics. It can be described as 
follows: 
Given two functions of x, or f (x) and f (x). These two functions 
n m 
are defined as orthogonal through:the range a to b if the integral of their 
product equals zero: 
b 
J f (x) f (x) dx = 0 a n m 
where m f' n. 
The word orthogonal comes from vector analysis, where two vec-
tors A and Bare said to be orthogonal if A • B = A B + A B + A B = O. 
X X y y Z Z 
In like manner, vectors with n dimensions having exponents A., B. {i = 
1 1 
1, 2, •••• , n) are orthogonal when 
i = n 
\' A. A.= O. l 1 1 
i = 1 
In a vector space of infinite number of dimensions, with components 
A ""B 
i i 
continuously distributed, over the range O to s: 
s I A(x) B(x) dx = o. 
0 .. 
Consider now the differential equation for a vibrating cantilever 
beam of uniform cross section: 
1 where E = Youngs' modular of elasticity 
{1.1) 
1.2 
I= moment of inertia of x-sec of beam at x 
x = distance on beam from support where x = 0 
y = deflection of beam at x 
m = mass of beam per unit length, 
Assume that the beam shows a har~nic force vibration at a 
frequency w, so that 
y(x 1 t) = y (x) sin wt, 
then, since 
d"'y -mdt" +ky-0 
k 
and w = v k , llf = m 
m 
d"'y - " 
dt" - - w y 
Substituting (1. 2) for (1.1) gives 
EI d4y = m w"y dx4 
or (Ely")" = m llfy 
(1.2) 
(1. 3) 
A Vibrating beam has many modes of oscillation, so that (1. 3) can be 
written for two different modes, n and m: 
(Ely ")" = m ui" y 
n n n 




If (1. 4) is multiplied by y and (1. 5) by y , and if then (1. 5) is sub-
m n 
tracted from (1. 4) and the result integrated over the length L of the beam, then: 
L -
Ly (Ely ")" Jo m n 
1. 3 
L 
- y (Ely ")"] dx = J m (uf y y - w0 y y ) dx nm O nmn mmn 
L 
= (ut' - w2 ) f my y dx n m 0 _ nm 
(1. 6) 
Note in the equation (1. 6), that if the principle of orthogonality holds 
for modes of vibration, then 
L 
f my y dx = 0 
Jo n m 
(1. 7) 
where m ,ln. 
Equation (1. 7) can be shown to be valid by integrating the left hand 
side of the equation (1. 6) by parts: 
L 
J [ y (Ely ")" - y (Ely ")"] dx 0 m n n m 
(1. 8) 
Recall that in integration by parts: 
J udv = uv - f vdu 
Hence, let 
Y = u m l thus du = y ' > l m 
(EI y~)" ,. dv 1 , thus v1 = (EI y~)' 
yn "'u 2 ,, thus du 2 = y~ 
(EI y~)" ,.. du 2 , thus v 2 = (EI y~ )' 
and (1. 8) becomes: 
L t L L ] f y (Ely")' 1 - (EI y")' y dx - [CY (EI y" )' 7_ - j (Ely" )' Y.' dx_ 
Lm n -b O n m n m 1J O m n 
or 
[ Y (E1 y")' - y (E1 y" )' J - IL rcE1 y")' Y.' - (E1 y" )' Y.' J c1x m n nm 
O
L nm mn 
(1.9) 
1. 4 
For many boundary conditions, the first term, in brackets, of 
(1. 9) is zero. For example, in a cantilever beam, the shear force, 
S = EI y'", at the end of the beam is zero. 
and 
giving 
Hence, equation (1. 8) reduces to 
L J [ (EI y")' - (EI y")' Y.' ] dx -
0 
n n n 
This equation can again be integrated by parts, letting 
Y.' = u m ' 
(El y~)' = dv, 
Y.' = u n . ' 
(EI y~)' = dv, 
du= y" m 
v =Ely" n 
du = y" n 
v =Ely" n 
(1.10) 
L L 
- { Y.' (EI y") - s (EI y") y" dx - [Y.' (EI y" ) - I (EI y" ) y" dx J } m n 
O 
nm nm O mn 
L 
[ Y.' (EI y" ) - Y.' (EI y") ] + J [(Ely") y" - (EI y" ) y" J dx nm m n O nm mn 
In this equation, the moment at the end of the beam, M = EI y", is 
zero, so that the first term, in brackets, drops out. Also it is obvious that 
L 
r (EI y" y" - EI y" y" ) dx = 0 (identically zero). J
0 
n m n m 
Thus, the entire left hand side of equation (1. 6) = O, and therefore 
L 
(w~ - wd) J my y dx = 0 




w~ - w~ ;' O, so that 
1. 5 
L 
r my y dx = o. 
Jo n m 
This, by definition, is the principle of orthogonality, and has herein 
been proved for the modes of a vibrating beam, 
2.1 
CHAPTER 2 
CERTAIN MATHEMATICAL CONCEPTS II. PARTIAL DIFFERENTIAL 
EQUATIONS; THE WAVE EQUATION. 
Ordinary differential equations describe relations between one 
dependent and one independent variable. Partial differential equations de,-
9cribe relations between a dependent variable and any number of independent 
variables. The vibrating string problem will serve as an example. 
Let a string be stretched between two points, x = 0 and x = L, on 
the x axis (Figure 2.1). At t = 0 the string is pulled up at the middle, 
x = 1/2 L, to a distance h, and released. The problem is to describe mathe-










FIGURE 2.1. Vibrating string problem at t = O. 
Assume that at time t the string has the shape indicated in Fig. 2.2. 
FIGURE 2. 2. Vibrating string problem at t = t. 
Hence the displacement at x is y(x, t), and at 
X + 6X iS y(x + t,x, t). 
Consider the forces acting on the elemeit of string between x and 
x + r-,x. There are two forces, the tension T(x) pulling on the element to 
the left, and the tension T(x + t,x) pulling on the element from the right. It is 
assumed that the tension is a function of x. 
2.2 
These forces are resolved into components as follows (Figure 2. 3): 
.,. (i<-+-D"') --- -~ -:::;.;::~ _____ J T(x+r,1-)sm 0, 
1 , fx+Ai) cos e._ 
I 
I A "f 
I 
g, I 
__ ,L _____ -- -----' 
4,,,., 
FIGURE 2. 3. Forces acting on segment of string, 
Recall that if A <::ra . a b , then sin A = - , cos A = - • C C 
b C 
Hence, net vertical or upward force = T(x + 6x) sin 82 - T(x) sin ~,. 
Net horizontal force, to right = T(x + tix) cos es - T(x) cos e,. 
If the string has a mass p/unit length, then the mass of the element 
is pt,S. The net vertical acceleration of the element is !J. From Newton's 
law it follows that 
T(x + 6X) sin Sa - T(x) sin e,_ = p6S !J . 
If s is the angle which a tangent makes with the x axis to any point 
on the string, then e is a function of x, and 
81 = S (x), Sa = S (x + 6X) 
Substituting these values into (2.1), and dividing by tix, gives: 
(2. 1) 
T(x + tix) sin s (x + tix) - T(x) sin s (x) _ tiS a"Y (2• 2) 6X -p 6X W 
For very small elements of the string, and for very small displace-
, ments, it follows that 6 S will approximate tix, or ~~ "" 1. Also, since 
2. 3 
tan e = :, and sin e = ~, for small angles of e, b "'c, and sin e (x) can be 
replaced with tan e (x), and sin e {x + tix) replaced with tan e (x + tix). Thus, 
!:)quation (2. 2) can be written as 
T (x + tis) tan e (x + tix) - T(x) tan e (x) 
tix 
Taking the limit, as tix ...JJ, as follows: 
let y = f(x) 
where y = T (x) tan e (x) = f (x) 
Since y + t,y = f (x + tix) 
and ti y = f(x + tix) - f(x) 
and t,y f (x + tix) - f (x) -::=~--~-~ 
tix tix 
which, when tix ... O, 
(2. 3) 
(2. 4) 
Note tnat the left nand side ot equation (2. 3) is the same as the right 
hand side o1 equation (2. 4). Taking the limit ot (2, ;j) therefore, gives on the 
left hand side 
: , where y = T(x) tan e (x), or 
Hence equation (2. 3) becomes 
~ l T(x) tan e (x) J = p :J 
and since tan e (x) = : ' (2. 5) becomes 
~ [T(x):J=p~J 
If T(x} = T, a constant, then (2. 6) can be written as 
0 "y _ . c o"y 






'-- or, setting ! = a", (2. 7) becomes 
?J"y = a~ ?J"y 
c1;2 ax" (2. 8) 
Equations 2. 6, 2, 7, and 2. 8 are various forms of the vibrating string 
equation, or more commonly, the~ equation. 
In solving this equation for the vibrating string problem, assume T = 
constant, The boundary conditions of the problem are as follows: 
Since the string is fixed at points x = 0 and x = L, the displacement y 
at these points is 0; 
y (0, t) = 0, y (L, t) = 0 for t ;'. 0. 
Also, since the displacememt at t = 0 and x = 1/2 L wash, 
2hx L 
y (x, 0) = L 0 ~ x ;;1·t 
and 
2h 
y (x, 0) = L (L - x) 
These are the equations for the straight line portions of Figure 2.1. 
Since the string is released from rest, the initial velocity at all 
points is zero: 
~i (x, 0) = y t (x, 0) = 0. 
In summary, the equation to solve is 
with the boundary conditions: 
y (o, t) = 0, y (L, t) = 0 for t ::!: 
2Lx T. -
y (x, 0) = -y;-, O ;·x ~!fr 
2L L 
y (x, 0) = L (L - x), '2"" ~ x ~ L 
Yt (x, 0) = 0 
3,1 
CHAPTER 2 
CERTAIN MATHEMATICAL CONCEPTS III, INTRODUCTION TO THE SOL-
UTION OF THE WAVE EQUATION. 
In the preceeding chapter, a wave equation was developed, Consider 
now a specific example of such an equation, 
A string of length 2 feet, weighing 4 oz., is stretched with a tension 
of 1 lb, force throughout. The center of the string is raised 1/ 4 inch above 
the equilibrium position and released. Let it be required to find the subsequent 
displacement of the string or a function of time and distance from the ends which 
are fixed. 
The general wave equation for the string is 
o"Y _ ,, o"Y 
ot" - a ?JX" ' 
where a" = .'.!., T = tension, p = mass/unit length. In this problem T = 1, p 
m w 1/4 1 
p = T = 1g = 2.32 = 256 , a" = 256, so that 
o"J - "if'J 
ot" - 256 oX2 
The boundary conditions are: 
y (0, t) = 0, y (L, t) = 0 for t > 0 
(x 0) = 2hx 0 < X <"_L 
y ' L ' ~ -2 
2h L 
y (x, 0) = L (L - x), "2' :5.x ::_ L 
Yt (x, 0) = 0 
and since L = 2, h = 1/48 
y {0, t) = 0 y (2, t) = 0 
1 
y (x, 0) = 48 X O :;:_ X :::_ 1 




Assume that a solution of equation (3.1) is a function of x, X, mul-
tiplied by a function of t, T, or 
y = XT, 
Differentiating twice with respect to t gives 
dy _ X dT 
dt - elf 
d""y = X d•T = XT" 
aF clF 
Substituting XT" into equation (3, 1) for ~;r gives 
XT" = 256 °1; ax 
a"y But ax" can be rewritten as 
0" (XT) = X" T and hence 
oX" ' 
XT" = 256 X" T 
and 
T" X" 
256T = X = - >." 
Equation (3. 1) has therefore been rewritten in terms of X and T. 
Equation (3. 2) can be separated into two equations: 
T" = - 256 A2T 
and 
Recall that these equations are of the type 
J' + cy = O, 
which has a solution: 
y = A cos ,{c t + B sin 'VC t 
or 
. ix C . -ix y=c 1 1e - 0 1e • 
Consider the following as proof, 
Given y°+y=O 
If y = A cos t + B sin t 
then y • = - A sin t + B cos t 





•• Hence, y + y = - A cos t - B sin t + A cos t + B sin t = 0, 
Therefore, equation (3. 3), T" + 256 ,~T = 0 has the solution 
T = C1 cos 16 Id + D1 sin 16 "t 
and equation (3. 4) has the solution 
X = A 1 cos 2x + Br sin 1-x. 
Thus, if y = XT, then 
y = (A1 cos Ax + B1 sin 1-x) (CJcos 16U + D1 sin 16 U) 
From the boundary conditions y(0, t) = 0, 
Yx = 
0 
= (A1 cos 0 + B1 sin 0) (Cr cos 16 U + D1 sin 16 At) 
= A 1 (C1 cos 16 At + D1 sin 16 U) = 0. 
(3. 5) 
Hence, A 1 = 0 since the second factor cannot be zero and a solution still exist. 
Substituting A 1: = 0 back into (3. 5) gives: 
y = sin AX (B1C1 cos 16 )t + B,D1 sin 16 At). 
Letting B1C1 =Band B1D1 = C gives 
y = sin ,.x (B cos 16 1'.t + C sin 16 At) 
From the boundary conditions y (2, t) = 0, (3. 6) becomes: 
Yx= 2 = sin 2A (B cos 16 U + C sin 16 At)= o. 
(3. 6) 
It • is Seen that sin 2A = 0 by necessity. Therefore, or since sin TT = 0, 
sin 2TT= 0, etc., we can write 
sin 2-. = 0 = sin m TT 
where m = any integer. Hence 2). = mTT, \ =T • 
Substituting this value of \ back into equation (3. 6) gives 
y = sin T (B cos BmTTt + C sin Bmnt) (3. 7) 
Consider now the boundary condition, y (x, 0) = 0. If (3. 7) is dif-
ferentiated with respect to t: 
~r = sin T (-B BmTT sin 8 mTTt + C BmTT cps Bmnt). 
This expression is equal to zero at t = 0 from the boundary conditions, 
and also, at t = 0, 
- B 8 m TT Sin 8 m nt = 0 
and C BmTT cos Bmnt = C BmTT, 
Since sin T does not equal zero, C BmTT = 0, or more specifically, 
C = O. 
r, 
3.4 
Hence (3. 7) becomes: 
At t = O, 
B 
. mnX 
y = sin~ (cos 8 m ,-,t). 
y = B sin m: cos 8m,-,t = B sin T 
From the boundary conditions 
1 Y (x, 0) = 48 x O .::x ::_ 1, and 
y (x, 0) = 4~ (2 - x) 1 _:s:x .:: 2, 
equation (3. 9) is written as 
Y = B sin ~ = +o-x t=0 ,:, '±8 0<x<l 
and 
. mnx 1 ( ) Yt = 0 = B s1n-r = 48 2 - x 1 ::, x::, 2. 
(3. 8) 
(3. 9) 
These above two equations must be satisfied through the proper selec-
tion of m and x. However, it is not obvious how the selection should be made; 
therefore consider the following: 
If U1 and U2 are two solutions of a differential, the a 1 U1 + a 2 U2 is also 
a solution, where a 1 and a 2 are any constants. For example, let 
then 
y=U1 y=Us 
a3 y + a4 y = a 3U1 + a4U2 
y (a3 + a4) = a 3U1 + a4U2 
Letting aa = a 1 and a ' then y = a 1 U1 + a 2 U2 • as+ a4 as+ a4 
Likewise, if U 1, U 2, • • ••• U are solutions to an equation, then n 
a 1 U 1 ,+ a,,,U 2 + • • • • • a U is also a solution. n n 
Therefore, if in equation (3. 8), m is set equal to 1, 2 •••• , and 
B at m = 1 equal to b 11 B at m = 2 to b:?> etc., then a solution for the original 
equation can be written, from (3. 8), based on this principle of superposition, 
3.5 
as follows: 
y(x, t) = b 1 sin T (cos 8nt) + b, sin nx (cos 16 nt) + • 
Note that at t = 0, (3.10) becomes 
\iv,' TTX y(x, 0) = bl!l,sin 2 + b 2 sin nx •••• 
• • • (3.10) 
(3.11) 
b;, 5 , ~ ,,-r_'.L.., ---1-, 
With this equation it is possible to satisfy the boundary conditions 
y (x, 0) = 41 x or 4! (2 - x), with proper choice of b1 , b2 , etc. 
In order to solve equation (3.10), and to find a complete solution to 
the problem, the constants b 1 , ba, etc. must be evaluated. The technique used for 
the evaluation is Fourier analysis, and is the subject of the next chapter. 
4.1 
CHAPTER 4 
CERTAIN MATHEMATICAL CONCEPTS IV. FOURIER SERIES AND FINAL 
SOLUTION OF THE WAVE EQUATION, 
In the general series, 
nx 2nx . nx . 2nx 
A + a 1 cos L + a 2 cos L + • • • b 1 sin L + b 2 sin-y;- + •••• = f (x), 
where L = length of system in motion =} period of vibration and A, a,, a 2, 
b 11 b 2 , etc. = constants, Fourier found till t: 
L 
J f <x> ctx. 
-L 
1 JL (x) knx ak = L f cos L dx, 
-L 




where k = 1, 2, 3 •• , •• 
If the series contains only sine terms, as in a Fourier sine series 
(also called an odd function), as 
f , ) b . nx b . 2 nx \x . = 1 sin L + 2 sin--r;- + •••• 
then A= O 
ak = 0 
2 
b = -k L t f{x) sin knx dx 0 L 
If the series contains only cosine terms, a Fourier cosine series, 
or an even function: 
nx 2nx 
f{x) =A+ a 1 cos L + aa:cos 2""""' + •••• 
then 
1 L 







f (x) cos -r clx 
Consider now equations (3.10) and (3.11) • . From (3.11), a Fourier 
sine series, it is apparent that 
2 J2 (x ) . knx bk = 2 y , 0 sin z- clx (4.1) 
0 
Note that the expression is integrated between the limits x = 0 and 
1 1 x = 2. Recall thay y (x, 0) = 48 x at 0 :5. x :5. 1 and y (x, 0) = 48 (2 - x) 
at 1 :5. x :5. 2. Hence (4.1) is rewritten as: 
2 
. knx clx I 1 (2 ) . knx clx sin,- + 48 - x sin -r 1 
and 
x sin ¥ clx + i,r J
2 
. knx clx 1 




x sin~ clx 
l (4. 2) 
The three integrals of (4. 2) are evaluated as follows: 
The first integral is solved using the relation: 
J x sin ax clx = ; 2 (sin ax - ax cos ax), 




I . knx 1 [ 4 0 x sin 2 clx = 48 k"n" ( . knX knx sin - 2- - 2 k ]1 cos ~) 0 
1 
= ""1""2,_,.k_,,",..n"..,.,.. 
. kn 1 kn 
sin 2 - 24kn cos T 
The third integral is solved using the same principle: 
1 J2 
- 48 l 
.x sin k;x clx = - J8 [ k~~- (sin~ - k~ k ]2 cos ~ 1 
4.3 
1 . k 1 k 1 . kn 1 kn 
= - 12~ sin TT + T2 kn cos TT + 12 k2i? sin 2 - 24kn cos 2 . 
Since sin n, sin 2T"i etc. = O, the above reduces to 
1 1 . kn 1 krr 
= 12krr cos kTT + 12k:2 ,f sin 2- -24kn COS z . 




sin k;x dx = l.2tn cos ~TT - 12!-n cos kn. 
The solution of (4. 2) therefore is the combination of the three 
solutions: 
1 - ----, kn 1 1 si·n kn 1 kn cos 2 + 12kn cos kn + ni?Tf 2 - 24kn cos 2 - + 24krr 
1 krr 1 
12kn cos 2- - T2kn cos kn· 
Note that in this solution the third and seventh terms cancel, the 
second and fifth terms combine and cancel the sixth term, and the first 
and fourth term combine giving: 
Also note that if k is even, then bk = O, and that if k = 1, bk = +; 
k = 3, bk = -, etc. 
The value of bk' (4. 3), is now substituted into (3.10), setting 
k = 1, 3, ••• , giving 




5 ;x cos 42 nt -
Equation (4. 4) represents the complete solution of the problem. 
(4. 3) 
(4. 4) 
Each term represents a particular mode of vibration of the system; the 
4.4 
first term the first mode of vibration, etc. Thus, the first mode is: 
described by sin T cos Bnt, As t varies, the tendency is for the string 
to oscillate about the x axis in the pictured manner, at a frequency given 
by cos Brt or 4 cycles/second. This is the lowest frequency of oscillation of 
the system and is called the fundamental frequency or first harmonic, Since 
bk = 0 in (4. 4) the second mode is absent. The third mode: 
is given by sin Sr;x cos 24nt, the frequency being 12 cycles/second, The 
fourth mode is absent; the fifth: 
has a frequency of 20 cycles/second. It is thus seen that all the harmonic 
frequencies are integer multiples of the fundamental; 4 x 3, 4 x 5, •.•. 
The coefficients of (4. 4), 
6
~-, etc., measure the intensities of the modes, 
or the displacements from -the x axis.· Thus the higher frequencies have 
lower intensities. In carrying out solutions, calculation of the first three or 
four terms of (4. 4) gives a good approximation of y (x, t). 
5,1 
CHAPTER 5 
THE DIFFUSION EQUATION - DIFFUSION OF OXYGEN ACROSS CELL 
MEMBRANE 
Oxygen molecules in solution are in constant motion by virtue of 
their kinetic energy. If the concentration of molecules is the same 
every place in the solution, no net transport of molecules from one region 
to another takes place. However, if in one region the concentration of 
the oxygen molecules is greater than in another, then there is a trans-
port of oxygen from the first to the second region .. The transfer process 
is termed diffusion, and is a passive physical process. 
Consider a tube with a partition in the middle, separating water 
into two parts, one part containing dissolved oxygen, the other part free 
of oxygen. At the time T = O, the concentration gradient of oxygen through-
out the tube is sharply defined, The partition is now removed, and at 
t > 0 (T = t), the concentration gradient throughout the tube is found to be 
as illustrated in Figure 1. Diffusion of oxygen from one part of the tube 





Distance, x, of tube 
{ 
\ 
Figure 1. Concentration Gradients of Oa at T = o and T = t. 
The paths of motion of the oxygen molecules are random during the 
diffusion process, and the distribution of molecules at any one time can 
be predicted by probability theory. This distribution is given in Figure 1. 
5,2 
Probability theory also predicts that the concentration gradient of oxygen per 
unit of x is greatest in the region occupied by the partition at T = o, and then 
diminishes on either side of this region. The concentration gradient at 
every point on x is given by the slope of the curve in Figure 1, i.e., the 




Figure 2. Concentration Gradient of Oxygen Along Cylinder. 
The curve of Figure 2 is the bell-shaped Gaussian distribution curve, 
and simply demonstrates that the processes of diffusion are passive and 
random, and that they conform to probability theory. 
The question may now be asked: How many oxygen molecules pass 
or diffuse through an area A per unit of time, at any point on x? It is 
reasonable to assume that the amount of oxygen which will diffuse through 
an area A will depend upon the concentration gradient across that area. 
In Figure 2, for example, at the ends of the curve where the concentration 
gradient is zero, i.e., ~ = O, it would not be expected that any diffusion 
of oxygen would occur. On the other hand, it would be expected that the 
greatest amount of oxygen would diffuse at point of x where t has the 
greatest value, in the center of the curve. Hence, the amount of oxygen, 
dn, diffusing through an area, A, per unit time, dt, can be said to be pro-
portional (D = constant of proportionality, or the diffusion coefficient) to 




This is known as Fick's Law of Diffusion, which was stated in 1855 
and which was subsequently proven experimentally. The constant of pro-
portionality, D, is not really a constant, but changes with dilution of the 
solute and with temperature, which is to be expected since diffusion results 
from kinetic motion. The term, therefore, is more appropriately refer-
red to as the diffusion coefficient. The minus sign of the equation indicates 
that diffusion is taking place from a region of higher concentration to a 
region of lower concentration. The slope of the distribution curve of 
Figure 1, or :, is always numerically negative. 
Thus far the amount of oxygen, dn, diffusing per unit time, dt, has 
been considered as has the change in concentration of oxygen, de, across 
a unit distance, dx. 
It is also of interest to consider the change of concentration of oxygen, 
de, at a point x during the time interval, dt, or ~~; the rate of change of 
concentration at point x. 
If the point x is represented as an element of volume bounded by 
parallel planes of area A and separated by a distance dx, then the volume 
between the planes is represented by A dx. If the volume A dx is in a 
region of low concentration of oxygen, then with diffusion the concentration 
of oxygen within the volume will increase. Oxygen will accumulate within 
the volume; more oxygen will enter than will leave. During the time inter-
val dt, let the amount of oxygen which enters the volume be dn, and the 
amount which leaves the volume be dn "plus" a small change in the amount 
dn, d(dn). This change would be negative, as a- 5 molecules of oxygen. 
Thus the amount which leaves can be written dn + d(dn). The amount of 
oxygen which accumulates in the volume is therefore dn - t'.dn + d(dn)] = - d(dn). 
5.4 
To express this amount in concentration terms, it is divided by the volume 
under consideration to - d ta¥ . This represents the change in concen-
tration of oxygen, de, in the time period dt. The time rate of change of 
concentration, i.e., de per dt, is given by: 
(
dc_1 = __ 1 c.d(dn)) 
dt,,/ Adt dx • 
X -
The term dfn) can be evaluated by writing equation (5.1) as: 
dn = - DA dt (~J . 
t 
which, after differentiation is: 





Sub~Htut_in&the right hand expression of equation (5. 3) into equation 
(5 2) f (,d&t)•)· . . • or \;\,., , .. : ·. gives. 
,· '' 
( de) (d"c) dt = D dx 2 • 
X t 
(5. 4) 
Consider now an actively respiring plane of tissue exposed to an 
oxygenated solution on one surface. Consider that at time T = O, no oxygen 
exists in the tissue; and that at time T = t, oxygen is diffusing into the 
tissue along a concentration gradient. The rate at which oxygen would ac-
cumulate in the tissue at point x is the time rate of change of concentration, 
~!~,,1 · However, in the steady state, at equilibrium, no more oxygen would 
accilinulate, the rate at which it would accumulate being equal to the rate of 
oxygen consumption by the tissue, designated as "a". Hence, 
(de) (d
2
c '\ dt = a = D dx" },_ 




Equation (5. 5) is solved as follows: 
Integrating once yields 
de ax 
dx =n + B1. 
Integrating again yields 
F ¢ = 2~ + B 1x + B 2 • (5. 6) 
B
1 
and B2 are constants of integration and are evaluated as follows: . 
Let C
0 
be the concentration of oxygen in the fluid outside of the tissue, 
the concentration being constantly maintained by perfusion or continuous 
oxygenation of the fluid. Let C then be the concentration of oxygen at any 
distance x perpendicular to the surface of the tissue. At the surface of the 
tissue, x = O. Also, at a distance from the surface where C = O, let x = b. 
C=C 0 
~ 0 '-1---------......1.-----------.,,.. . .. _,. 
'>", C 
" Now, let c = O, and equation (5. 6) reduces to 
and B 2 is evaluated. 
Next, setting x = b where C = O, equation (5. 6) becomes 
(5. 7) 




0=-+B, D ?· 
Thus, tor the conditions where x = o ana C = O, equation (5. 6) can be 
written: 
ab 2 ab" o = '215 - D + c.,, 
or, 
Solving for b, 
(5. 8) 
Equation (5,8) therefore gives the thickness of the tissue at which 
oxygen concentration will be zeor, In practice, slices of tissue are placed 
in a medium where the oxygen diffuses into the tissue from both surfaces, 
Hence, the thickness, i, e., the width, ct, of the tissue where the concen-
tration of oxygen is just zero at the tissue center on a diffusion basis, will 
be twice the expression of equation (5, 8). 
(5. 9) 
Equation (5. 9) is Warburg's well known expression for determining 
the limiting thickness of a tussue which may be used for respiratory studies. 
The units for the terms of the equation, and an example of its usage, are 
as follows: 
d = limiting thickness in cm. 
D = diffusion coefficient for Ou in ml/min/cm~. 
a = respiratory rate of tissue, in ml 0 2 uptake/ml tissue/min, 
C
0 
= 0 2 concentration of medium outside tissue slice, in atm. 
Suppose that in a given experiment, the respiration of liver slices is 
being measured. The rate of respiration is found to be 12 µl Oa consumed 
5,7 
per mg. dry wt. of tissue, per hour; run under 100% Oa (%a). 
The value of the diffusion coefficient is taken from the work of 
Krogh, and equals 1.4 x 10-"ml per minute of oxygen diffusing at 38°C 
through a tissue of 1 cm 2 cross section, Assume that the experiment is 
run at 38°C. The value of C
0 
is therefore 1 atm.. Converting the found 
%a for the liver tissue into ml/ml tissue/min: 
assuming a specific gravity for the tissue of 1, and a wet weight-tlry weight 
ration of 4. 
and 
The value of the terms for equation (5, 9) would be: 
D = 1.4 x 10- 6 












BLOOD CONCENTRATION OF CONTINUOUSLY INFUSED X SUBSTANCE -
DETERMINATION OF EXCRETION CONSTANT AND DISTRIBUTION SPACE. 
Let a substance, x, be constantly infused at rate p mg/min. into the 
blood stream, and let it be distributed throughout the body fluids in vol-
ume V liters. If q = quantity of x substance in body, then its concentration 
c is i. Finally, let the rate of change of concentration of x substance be 
~~, in mg/liter volume/unit time. 
Then 
de 1 
dti = P V (6.1) 
For example, if V = 10 liters and rate of infusion is 500 mg/minute, 
then the rate of change of concentration is 500 x io = 50 mg/liter/minute. 
Assume that substance x is eliminated at a rate depending on its 
concentration: 
de 
- = -kc 
dt(E) ' 
where k = velocity constant for excretion. 
In the situation where infusion and excretion occur together, then 
equations (6.1) and (6. 2) are combined: 
(6. 2) 
de p ( 
dt = V - kc 6. 3) 
Equation (6. 3) is solved as follows: 
Write (6. 3) or 
de p 
dt +kc= V 













Using (6. 5) and (6. 6), equation (6. 4) can be rewritten as: 
p 
~~ + k ( : + Z) = ~ 
dZ cit= - kZ 




1n Z = - kt= c' 
-kt Z = Ce • 
Substituting (6. 7) into (6, 5) gives 
p 
V -kt 
C =r + Ce 
p 
When t = O, assume c = O, V and C = - k. 
_ p ( p) -kt 
C -vk + Vk e 




Equation (6. 9) therefore gives the "blood" concentration of x sub-
stance at any time. If the distribution volume is unknown, then two meas-





With this value of k, the excretion constant, equation (6. 9) can be 
solved for V. If c f. 0 at t = O, then it can be set equal to the concen-
tration of x substance above that at t = O. 
7.1 
CHAPTER 7 
ANALYSIS OF THE ARTERIAL PULSE. 
This chapter represents a first attempt to analyze the arterial pulse 
curve. The analysis will be kept as simple as possible; consequently the 
pulse curve will be considered as a type of distorted sine wave. The di-
erotic notch will be neglected. In subsequent chapters more complicated 
analysis will be discussed. 
Let the cardiovascular system be represented by a pump, the heart; 
an elastic volume container, the aorta; and a run off tube, the peripheral 
vessels giving rise to peripheral resistance. A model of this type is 
called in the German literature a "Windkessel", and is illustrated in 
Figure 7.1. 
ltorfa .. 
Figure 7, 1. The Windkessel Model 
a. The diastolic phase of the aortic pulse. 
During this phase the inflow of blood from the heart to the aorta 
is zero. Assume that, 1) a linear relation exists in the aorta between 
volume and pressure, and 2) the system obeys Poiseuille's law. 
Thus, with assumption 1, if P = cV, then 
dP 
dV = c, (7.1) 
where c is a constant, P is the pressure in the aorta, and V the volume of 
blood. Recall that Poiseuille-s law is 
P Bln Q = - where u = ---'-'-u rrr 4 
and Q = volume flow, ml/time, u = resistance to flow, 1 = length of vessel, 
17 = viscosity of blood, r = radius of vessel. Since, during diastole, the 
7.2 
volume flow is out of the aorta, and represents the rate of change of 
volume of the system, then 
dV 
Q=-crt 
and Poiseuille's law can be written as 
dV P at = - u . (7. 2) 
From(7.2), dV = dP. Substituting this value of dV into (7.1) gives 
C 
dP c p = u dt (7. 3) 
Integrating: 
C lnP=-t+C. u 
At t = O, let P = P 0 , then c = ln P 0 • Hence 
p C 
ln-=--t 




Thus, from equation (7. 5 ), with the assumptions made, it is seen 
that the pressure falls in the aorta during diastole in an exponential manner, 
with a time constant T = ~ • 
C 
b. The systolic phase of aortic pulse. 
During this phase blood is pumped into the aorta from the heart. 
The volume change in the aorta is due to the rate of inflow plus the rate of 
outflow. Assume that the rate of outflow is given by Poiseuille's law: 
dV P 
dt =u 
as before, and that the rate of inflow, or some function of time, is i(t). 
Hence, the net change of volume per unit time in the aorta is 




Replacing dV with dP / c as before, (7. 6) becomes: 
or 
(7. 7) 
In order to continue the analysis, it is now necessary to make some 
assumptions concerning the nature of the function i (t). Gross inspection 
of an aortic pulse curve would suggest that i (t) is perhaps a sine function. 
Hence, let i = A sin Bt. Since normally no regurgitation occurs, only the 
top portion of the sine curve _need be considered, i.e., only values between 
t=Oandi. (Figure7.2), 
Figure 7. 2. Assumed function i (t). Period = ~ • 
7.4 
At any rate, substituting i(t) = A sin Bt into (7. 7) gives 
~~ + ~ P = cA sin Bt 
This equation is solved as follows: 
(7. 8) 
Equation (7. 8) is a linear 1st order differential equation of the type 
: + p (x) y = q (x) (7. 9) 
where P (x) and q(x) are functions of x alone, not involving y. Such an equa-
tion is solved by multiplying it through by a suitable integrating factor. The 
general equation (7. 9} has an integrating factor 
Thus (7. 9) is written 
Px dy Px px 
e dx + e Py = e q(x). (7. 10) 
Now, since d(uV) = u1,dV; + Vdu, where u is set equal toy, V = ePx, 
and 
d ( Px) · Px Px dy 
d(uV) = dx y e = yPe + e dx , 
equation (7 .10) can be written as 
d(Px) Px dx e y = q(x) e . (7. 11) 
Integrating (7. 11) gives 
Px Px 
ye =Jq(x)e dx+C:: 
and 
-Px Px -Px 
y=e Jq(x)e dx+Ce (7. 12) 






1' L Hence, (7.8) becomes 
/ ' ' 
and 





Pe u = J CA sin Bt e u dt + D 
where D is the constant of integration. 
Hence 
C C 
--t J -t 




From a table of integrals, it can be seen that the integral of (7 .15) 
is of the form 
feau sin nu du= eau (a sin nu - n cos nu) + C' • a"' + Ila 




r £t eut (~ sin Bt - B cos B0i 
J sin Bt eu dt = --------------'-- + C' • 
ca 
-+ B" u• 
Thus, from (7 .14), 
- £t £ sin Bt - B cos Bt 
u u 
P = Ee - + AC --------
c"' - + B2 
ua 
7.6 
where E is the new constant, 
and 
a combination of C' and D. At t == 0 P = P 
' 0 
The complete solution is therefore 
C 
r CAB] -ut 




AC [ ~ sin Bt - B cos Bt ) 
c~ 
- + Ba ua 
8.1 
CHAPTER 8 
TRANSPORT OF RADIOACTIVE SUBSTANCES IN A TWO COMPARTMENT 
SYSTEM. 
Consider a two compartment system such as is illustrated in Figure 
8.1. For purposes of discussion let compartment A represent blood plasma 
containing an amount P of K4ll, and let B represent erythrocytes containing 






C 0 ,,,.parfntent B 
Figure 8.1. Plasma - red blood cell two compartment system. 
If the assumption is made that the total amount of K""' in the system 
remains constant, then 
P + Q = R, (8. 1) 
where R is a constant. In addition, let the rate constant for K42 transport 
from A to B be kab, and from B to A, kba• For purposes of simplicity, 
assume that, although concentration differences may exist between compart-
ments A and B, within each compartment the concentration is constant and 
no "inner" compartment diffusion gradients exist. 
With these conditions, the rate of change of Q in compartment B is 
equal to the difference between the rates at which K4ll is transported from 
A to B, kabP, and the rate at which it leaves, kbaQ. Hence 
(8. 2) 
Since from equation (8.1), P = R - Q, equation (8. 2) can be written 
dQ -cif - kabR - (kab + kba) Q 
8.2 
or 
The solution of this equation is easily seen to be as follows: 
k bR 
Q= a 
kab + kba 
(8. 3) 
As a further condition, let the concentration of K4'1 in the red blood 
cells be zero at t = O. Then from (8. 3), 
kabR 
c =k + k ' ab --ba 
and ql. 3) becomes 
Since P = R - Q, 
Note that as t~ "', the e term ➔ 'o, so that 
¾aK 
Poo = kab + ¾a 
Thus equation (8. 5) may be written as 








P and P can be determined experimentally, P being that value of 
00 00 
K42 in compartment A after a considerable length of time. 
From analytical geometry, the equation of a straight line is y = mx + c, 
where m is the slope of the line, and c:is the distance of intersection with 
they axis from the origin. Thus if equation (8. 7) were plotted, ln(: - 1 )vs t 
(or (: - 1 )vs t on semi-log paper), then the slop[ of the line would be 
equal fo - (k b + k ), and the y intercept = - ln kba . 
a --ba . ab 
Such a graph is shown in Figure 8. 2, and from the slope and the intercept, the 
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Figure 8. 2. Semilogarithmic graph showing reduction of K411 
from plasma with time: i.e., the uptake of K"' by red blood cells. 
9. 1 
CHAPTER 9 
C' TRANSPORT OF RADIOACTIVE SUBSTANCES IN A THREE COMPART-
MENT SYSTEM. 
Consider a three compartment system, such as the .vascular system 
(compartment A), the interstitial space (compartment B), and the inter-
cellular space (compartment C), Let there be a constant concentration, 
CA, of a radioactive substance, such as glucose, in the vascular system, 
and let this substance be transferred across the capillary walls in both 
directions at the same rate, denoted by k 1 • Also designate the total amount 
of the substance in compartment B by "B", and let its concentration in com-
partment B be 
B v= CB 
where Vis the volume of the compartment. Finally, let the substance be 
transferred, unidirectionally, from compartment B to compartment Cat 
rate k2 • This might represent the utilization of glucose by the tissue cells. 





CA C = 8 ~Iv 
Figure 9.1. Transport of a substance in a three compart-
ment system, 
9,2 
If the rate of change in the amount of substance in compartment B 
is directly proportional to the concentration of the substance in the blood, 
then 
dB' 
cit = k 1C~. 
However, since there is also a movement of the substance from 
compartment B back to A, then 
(9. 1) 
(9. 2) 
where the movement is indicated as negative since the substance is decreas-
ing in compartment B, and the movement is assumed to be directly pro-
portional to the concentration in compartment B. 
The net result of these two processes between compartments A and 
Bis 
1f the radioactive substance is taken up by compartment C, at a rate 
ka and proportional to CB, then 
Therefore, the total net rate of change of the substance in compart-
ment Bis 
(9. a) 
By aetinition, CB = B/V, ana B = VCB, where Vis the volume of 




Equation (9. 6) is solved as follows: 
Rearranging terms and dividing through by V, (9. 6) becomes: 
dCB (kl+ kJ CB klC A 
err- + V = V (9. 7) 
Hence, 
klCA 
C·= ,-~- +Z 




Substituting the values of CB and ~~B from (9. 8) and (9/9) into 
(9. 7) gives 
dZ (k,; ka) ( 
klCA 
+ z) klCA dt + k1 + ka = V 
or 
dZ kl + k, z, dt = - V 
and 
- k 1 + k8 t 
Z = Ae V 
where A is the constant of integration. 
Substituting this value of Z into equation (9. 8) gives 
+ Ae 






If the assumption is made that at t = O, the amount of substance in 
compartment B = 0, then from (9. 13) 
(9.14) 
9.4 
and (9. 13) becomes 
- k, + ka t 
(1-e V ) (9. 15) 





NEUROPHYSIOLOGY: CONCENTRATION OF ANESTHETIC IN BRAIN TISSUE. 
The effects of an anesthetic on brain tissue is dependent upon the time 
course of the concentration of the anesthetic agent. Such a time course is 
determined as follows. 
Assume that 
a. The arterial concentration and alveolar concen-
tration of the agent remain constant. 
b. Complete equilibrium is reached between the 
brain tissue and the blood, and that the parti-
tion coefficient, i.e., the solubility, for brain 
tissue and bl::>od is the same. For ether, the 
brain-blood partition coefficient is 1 : 1. 4. 
Denote the agent concentration in the brain and in the venous blood by 
cB and cV respectively. Then 
(10.1) 
The amount of agent in the arterial blood is c molecules/liter, and . a 
the arterial flow is F liters/minute. Hence Fe is the amount of agent . a 
brought to the brain per minute. Likewise, let FcV = amount leaving brain/ 
minute. Hence, the rate of uptake of agent by the brain is 
(10. 2) 
where Q is the amount of agent in the brain. If v = volume of brain, then 
Q = CBV. Thus (10. 2) becomes 
(10. 3) 
and since cv = cB' 
(10. 4) 
10.2 
1~, Assume that F, ca, and v are constant. Then, separating the var-




= - F dt 
V 
Integrating [ from tables, J dx = b.!. log (a+ bx)] · a+ b 
X 
F ln (c - c ) = - -t + C a B v 
If at t = 0, c8 = 0, C = ln Ca' and (10. 6) is 
. F 
ln (c - c ) - ln c = - -t 
a B a v ' 
Ft --v 
Ft --









QUANTITATIVE ASPECTS OF MUSCULAR EXERCISE: 
INTRODUCTION. 
In this chapter we will begin consideration of the problem of muscu-
lar exercise. 
In the resting state, the human body consumeB about 250 cc. of oxy-
gen per minute. The maximum possible oxygen uptake for a trained athlete 
in a steady state of exercise seems to be about 4 liters per minute, or a 
16-fold increase over the resting state. (non-athletic subjects average less than 
three liters per minute). At any steady state level, the rate of oxygen con-
sumption is proportional to the rate of exercise. The relationship is seen 
in Figure 11. 1 where oxygen consumption is plotted as a function of the 
steady state rate of running. Values of oxygen consumption above the max-
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Figure 11. 1. Rate of oxygen consumption as a function of 
rate of exercise. 
11. 2 
From Figure 11.1 it is apparent that the maximum rate of oxygen con-
sumption is achieved at a rate of approximately 10 miles per hour, and run-
ning at speeds faster than this will prohibit the obtaining of a steady state 
condition, and the rate at which oxygen debt occurs is greater than the rate 
at which energy is being used by the body . 
. ~ . ., 
Experimentally, oxygen debt can be measured as the amount of oxygen 
above the basal level which is consumed following a period of exercise. For 
example, from Figure 11 .. 2 let period 1 represent the period of rest before 
exercise, 2 the period from the onset of a steady rate of exercise to the 
obtainment of a steady rate of oxygen consumption, 3 the period of the steady 
state, and 4 the period of excess oxygen consumption after cessation of exer-
cise. The amount of oxygen debt is then the area under the curve of period 4. 
'I 
' I 
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I 2 '-I I ~ z I I I 
I 
I 




ci ' I -1ht €ker-c-;se l?ec eve,-JI 
Figure 11. 2. Oxygen consumption before, during, and after 
a period of exercise. 
The maximum amount of oxygen debt that has been recorded is about 
18 liters. If the 100 yard dash represents the maximum exercise possible, 
then it can be easily calculated that the limitation of the velocity of the dash 
is not due to oxygen debt. For example, the velocity for the dash is about 
22. 6 miles per hour, and from Figure 11.1 this would require at the steady 
state condition, an oxygen requirement of about 30 liters per minute. 
Since a 100 yard dash can be run in about 9 seconds, it would require about 
4. 5 liters of oxygen. During this period about O. 5 liters of oxygen can be 
consumed, leaving a debt of 4 liters, far below the maximum possible. 
11. 3 
In muscular exercise, carbohydrate is used almost exclusively as an 
energy source, and it is of interest to consider when this becomes a limiting 
factor. Assume that in a 70 kg. man there are 28 kg. of muscle, and 2.1 kg. 
of liver. Also assume that muscle contains 1. 8% glycogen, and liver 10%. 
Tlj.en the total glycogen content in a 70 kg. man would be 710 grams. If a 
runner is engaged in a marathon, at a maximum steady state speed of about 
10 miles/hour, consuming 4 liters of oxygen per minute, and if the 710 grams 
of glycogen is the sole source of fuel, then it would last for 2.2 hours. This 
is slightly less than the record of 2. 6 hours for the standard 26 mile mara-
thon run, and it is perhaps significant that runners supplement their glyco-
gen supply with candy or sweetened tea during the course of the run. The 
specific calculations resulting in the 2.2 hour figure are as follows. The re-
action for the breakdown of glycogen is 
C6H 120 6 + 6 0 2 :::===:; 6 CO2 + 6 H20 
Since the molecular weight of the sugar is 180, and of 6 0 2 is 192, 
and since there are 710 grams of glycogen (sugar) available, then 
180 192 = = - x = 756 grams 
7 .LO X ' 
l 
of oxygen needed to oxidize the available carbohydrate. Also, since at stan-
dard conditions, 32 grams of oxygen occupy 22. 4 liters of space, 756 grams 
of oxygen would occupy 525 liters of space. Hence, if 4 liters of oxygen are 
burned per minute, then 525 liters would be burned in 131. 3 minutes, or 
2.19 hours. In other words, at the maximum steady state rate of oxygen 
consumption possible, all the available carbohydrate would be consumed in 
approximately 2. 2 hours. 
Another facet of muscular exercise is the problem of the dissipation 
of heat produced by the exertion. In performing external work, muscles are 
only about 20% efficient; i.e., about 80% of the energy used in exercise is 
given off as heat. About 75% of this heat is given off from the skin, the re-
maining 25% from the lungs (warming inspired air). It is of interest to cal-
11. 4 
culate the cutaneous blood flow necessary for the dissipation of this heat. 
Let the steady state uptake of oxygen in exercise be 4 liters per min-
ute, and let, in the burning of carbohydrate, one liter of oxygen evolve 5 
large calories of heat. Then the amount of heat produced by the body ref-
errable to the skin (75%) is 
H = 0. 75 x 5 x 4 x 0. 8 = 12 k cal. /min. 
The 0. 8 in the calculation refers to the 80% of fuel consumption 
given off as heat. 
This amount of heat, if dissipated by the skin, would also be equal 
to the fall in temperature of cutaneous blood, ,,i'.IT°C, times the blood flow 
to the skin, F s in liters/minute, times the specific heat of blood, 0. 85, or 
Fsx llT°C x0.85. 
If the body temperature is maintained at 37° C, and if the normal mean 
skin temperature is taken as 30° C, and if it is assumed that the fall in tem-
perature of blood coursing through the skin averages between these values, 
then 
12 = F x 37 - 30 x o. 85 s 2 
and 
~ "' 4 liters per minute. 
If the cardiac output during such a period of exercise is 30 liters per 
minute, then cutaneous blood flow would be 13% of the total. 
12.1 
CHAPTER 12 
QUANTITATNE ASPECTS OF MUSCULAR EXERCISE, CONTINUED. 
Much of the material of the preceding chapter can be refined and 
developed as follows. 
Assume that during exercise the oxygen debt in proportional to the 
work done. If oxygen debt is denoted by x, and the work done by W,, then 
x' = aW (12. 1) 
where ais the constant of proportionality. If now equation (12.1) is differ-
entiated with respect to time, 
(12. 2) 
which states that the change in oxygen debt per unit time is proportional to 
the change of work per unit of time. 
On the other hand, if the assumption is made that the oxygen debt is 
dependent upon the amount of oxygen taken up by the lungs, i.e., the oxygen 
supply, then 
(12. 3) 
where O indicates the amount of oxygen uptake, and the minus sign indicates 
that as the oxygen consumption increases, the oxygen debt decreases. 
It is obvious that the rate of change of oxygen debt is (12. 2) - (12. 3), 
or 
dx dW dO 
dt = a dt - dt (12. 4) 
If it is further assumed that the rate of change of oxygen uptake is 
proportional to the oxygen debt existing at any instant, then 
(_- and (12. 4) becomes 
dO =k at X 
dx dW 





Letting ~ = ,-, and ~~ = P (t), then (12. 8) is 
,- X + X = f p (t) 
(12. 7) 
(12. 8) 
Consider now the case where P (t) = O, as for example at the end of 
a period of exercise. Then (12. 8) is . 
,-X + X = 0 
The solution of (12. 9) is as follows: 






dt = - r 
dx 1 






At t = O, C = x
0
, i.e., the oxygen debt at t = O; hence (12.10) is 
t 
X =Xcf ,- (12.11) 
Equation (12.11) would indicate that the oxygen debt falls to zero after 
cessation of exercise in an exponential manner. Since oxygen debt cannot 
be measured directly, the problem is to verify the equation. This is done 
12.3 
through the following procedure. Since from equation (12. 5), 
1 dO 
X = k dt ' 
substituting this value of x into (12.11) gives 
t 
dO --:;:-
dt = k xoe '- (12. 12) 
dO 
In practice, the rate of excess oxygen uptake, dt , can be measured. 
Experimentation shows, that as would be dictated by (12.12), this rate de-
creased in a manner suggesting an exponential function, and is shown in 




Figure 12.1. Decrease of dO/dt with time. 
The area under the curve of figure 12. 1 represents the value for x 0 , 
the area being the integral of equation (12.12). If the end of exercise is taken 
as t = O, then 
00 t t "" 
Jo kx 0 e 
,. 
,-kx 0 e 
,. 
= - 0 
t 00 
= - x 0 e 
,. 
= Xo 0 . 
Hence ,-= 1/k. Here, x
0 




NEUROPHYSIOLOGY: HOORWEG'S EQUATION FOR EXCITATION. 
One of the earliest attempts to formulate the phenomena of excitation 
in mathematical terms was that of Hoorweg. It is presented here so that the 
student. might be familiar with the reasoning behind the effort. Basically, 
the theory accounts for two properties of excitation: 
1. the strength-duration curve, which is represented approximately 
by a hyperbola, and 
2 .. the phenomena of accomodation; if the stimulating current in-
creases sufficiently slowly, it may fail to cause excitation even 
at values greater than threshold. 
Hoorweg assumed the following: that a nerve impulse is released only 
when the stimulating current causes the release of an amount of excitatory 
substance, € , to or exceeding a critical level, e;, • He further assumed that 
the rate of release of € was some function of the stimulating current, i (t), 
times an exponential term: 
de = . (t) -St dt 1 e • (14. 1) 
Thus 
(14. 2) 
That equation (14. 2) accounts for the hyperbolic nature of the strength-
duration curve is seen as follows. In this relationship i (t) is a constant 
current of threshold strength, suddenly applied at t = O. Letting i (t) = i = 
a constant value, then (14. 2) becomes: 
t t .J -st i -st 
€ = 1 0 e dt = - S e 0 




Since here e = e0 , solving (14. 3) for i gives 
i = S € o -st 1 - e · 
(14. 4) 
Equation (14. 4), however, is not clearly that of a hyperbola, so the 
following transformations are made. Writing (14. 4) as 
e st =. i (14.5) 
l - S € 0 
and since 
est = 1 + -~ + ~ 
1 ! .. ! 
neglecting the higher terms, (14. 5) is 
or 
i 
1 + st = 
i - Se0 
Multiplying (14. 6) through by i - Se0 gives 
i = i - s €a + i st - s €a - st 
which clearly represents a hyperbola. 
(14. 6) 
(14, 7) 
That equation (14. 2) accounts for the second property of excitation, 
that slowly rising currents fail to excite a nerve is seen in the following: 
Let a linearly rising current by i = H, where \ is a positive constant. 
Then (14. 2) is 
t 
e = , f O t e - st dt . 
From tables of integrals, 
J xe-ax dx - ax e a2 
(14. 8) 
(ax - 1), 
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c· (14. 8) is seen to be 
, [ 1 1 - stJ € =- - - (t + -) e 
B S 8 ' 
(14. 9) 
From (14. 9) it is seen that e tends asymptotically to ,/'ff. Hence if 
e:0 > 1'./ &, then € will never reach the value e 01 and the nerve will not be 
excited. Thus Hoorweg's equation accounts for the two stated properties of 
excitation. 
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C HAP TE R 15 
QUALITATIVE DESCRil'TION OF A SINGLE MUSCLE TWITCH 
The purpose of this chapter is to-describe some of the events 
which occur when skeletal muscle is stimulated to contract, producing what 
is known as a twitch. Many different kinds of events occur, and these will 
be discussed under various headings. 
A. Electrical Events 
The electrical events following stimulation of a muscle and re-
lated to the sarcolenuna proceed the mechanical response and are similar 
in nature to the electrical events observed from an activated nerve fiber. 
<'--
Figure 5.1 illustrates the membrane potential ch5tges. 
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Figure 15,1 - Electrical Cha:fges of Muscle Membrane; The Action Potential 
t 
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The first part of the action potential represents slowly rising 
currents - electrotonic potentials - which ;precede the illl;pulse, followed 
by the sharp rising spike potential, which signifies excitation of the 
muscle contractile components. Normally, a spike potential is alw83'S asso-
ciated with a muscle contraction, and the contraction wave of muscle follows 
in time . Figure 15. l is self explanatory. 
B. The Mechanical Events 
A typical mammalian action potential, minus the after potentials, 
mey last l to 2 msec. The first observed mechanical response occurs about 
" 2 msec. after the completion of the local currents and the beginjng of the 
rise of the spikes . The beginning of the rise of the spike has been 
regarded as the beginning of the excitation processes in the muscle. There-
''> fore, between thq, time and the first mechanical response there are 2 msec. 
of no mechanical activity, and is termed the latency period of muscular 
contract.ion; that time from the first excitation of muscle to the first 
mechanical response. The membrane mey be completely repolarized during 
this time and the action potential, except for the long drawn out positive 
after potential (50 - 150 msec.), completed. 
The first detectable mechanical change, is the slight lengthening 
of the muscle; as though to all appearances the muscle relaxes slightly 
more than in the resting state. This lengthening reaction is termed the 
latency relaxation of muscle. Latency relaxation is followed within a 
few tenths of a msec. by shortening of the muscle, or by the contraction 
in which the muscle develop¢s tension. The muscle will continue to develop 
tension or continue to shorten for approximately 30 to 40 msec., when the 
tension and shortening reach a maximum. This is followed by relaxation or 
lengthening of the muscle, complete (to the resting base line) in about 
60 to 70 msec. The relationships are seen in Figurel5,2, 
15.3 
/\ 
t,./· !-A ';---I-----·-·"··---·-·-··-'" 
t-'14'K - ➔: / 
: ' / 
~~-~"~ 
1 ) O\rt!-tn:t '. : · - · -" · 
J ""' -:'• ' --~ : 
' ' ' ' (J.'(~t,e--- ~.,vr1r H·r,..,v 
' 
I 
-• '-- Jlf'l"' •,ir,l>tfi 
I 
' 
"- --➔ .. ,- a ~_,,rr, ---4 ; ,---.- ,s(o ~,'fj'("r- ----1.: 
Figure15.2 - Electrical and Mechanical Relationships of a Muscle Twitch 
Notice that the relaxation phase of the contraction cycle is 
longer than the contraction phase. It is felt by many that the depolariza-
tion of the membrane initiates or activates in some w~, the contractile 
mechanism of the muscle. Thus, the beginning of the spike potential to the 
beginning of the mechanical response is said to be the spike - activation 
link - , roughly correlating with the latency period. During this time, 
reactions initiated in the membranes are believed to be transferred in some 
manner to the contractile units causing their activation. 
C. Ionic Events 
t--
Associated with the membrane events are ion or electrolyte cha:¢ges 
across the membrane and in the muscle proper. These are as follows: 
With the rise of the spike potential the.re is simultaneously a 
movement inward across the membrane of the Na ions, and as the spike wanes, 
K+ ions flow across the membrane out of the tissue. There is also consider-
able evidence that Ca++ ions are released from the membranes during the 
15,4 
spike, and these Ca++ ions move into the cytoplasm of the tissue, and also 
out across the membrane to the extracellular fluid. With the wane of the 
spike, at the close of the action potential, the Na+'\ ions are again slowly 
+ extrude),and K ions again reenter the cell, and the amount of free calcium 
ion in the cytoplasm decreases, apparently becoming bound in the membrane 
again. These are the main electrolyte changes which occur during an action 
potential, and are shown in Figure 5.3. 
E. R. _____ _,, 
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Figurel5.3 - Ionic Changes During a Muscle Twitch 
D. 0:xygen ConSUl!ljPtion (Metabolism) and Heat Changes 
Before discussing the o:xygen consumption during a twitch, it is 
well to very briefly and grossly describe the main metabolic pathweys in 
muscle which release :the energy ultimately used for contraction. The details 
of these pathweys, you have learned in biochemistry. 
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The energy for contraction is ultimately derived from the oxid.&-
tion of carbohydrate, which becanes converted to COs and H2 0. Thus, a glucose 
molecule contains in its organization a certain amount of energy which may 
be released as the molecule is broken down to COs and H:iO, The breaking up 
of glucose is accomplished by removing electrons (oxidation) from the mole-
cule. 
++ 
C6 Hu0a ➔ c+ + + H+ + Smaller Unite + Energy + Electrons 
Oxygen is used in the processes to conibine with the liberated 
electrons: 0 ➔ O=. Without the presence of oxygen, the metabolic systems 
would soon become saturated with electrons and the processes would atop. 
+.t 
The reduced oxygen o=, combines with the oxidized cj++ and H+ forming CO2 
and H20, Thus: 
CeH120a + 602 .. 6COs + 6H:iO + Freed Energy 
(Bound Energy) 
The reaction goes to completion in two main steps. The first 
step involves the initial break up of glucose into three carbon units, 
releasing some energy, by a series of reactions which do not i:mmediatefy 
require the presence of oxygen. Thia series of reactions appropriate}¥ 
has been termed anaerobic, in which glucose (or gfycogen) is converted to 
pyruvic or lactic acid, 3 carbon units. This is also called glycoly.sis. 
The second main step involves,· or requires, a more close relationship with 
oxygen, and will not proceed in its absence. In this series of reactions, 
the 3 carbon units are broken down to COs and H:iO with the liberation of 
large amounts of energy. The series of reactions are called aerobic meta-
bolism, and follows the anaerobic breakdown -'IJ glucose to lactic acid or 
pyruvic acid. If oxygen is present so that Jrobic metabolism may proceed, 
pyruvic acid alone is formed. If oxygen is not present, then the pyruvic 
acid is converted into lactic acid. Th~l overall reactions can be diagramed 
as follows: 
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Glucose (or Glycogen) 
Lactic Acid· 





CP + ATP 
Energy 





Figure15.4 - General Metabolism of Muscle 
In muscle, the energy given off in these reactions can partially 
(5 to 20'{o efficient) be used in the contractile processes for shortening 
and work. Since thei"reactions are of low efficiency, a large amount of 
energy is given off as heat, which cannot be utilized directly in the con-
tractile mechanism. A large portion of the energy given off by the break-
down of glucose is stored in potential form in the organization of the mole-
cules, creatine phosphate and aelfnosine-triphosphate. These cycles there-
fore hold, as it were, the energy from metabolism in their chemical organi-
zation until it is released for, or during, contraction. The largest 
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reserve of energy is in CF, ATP is more intimately associated with the 
(_.c,, contractile process and its energy is first used as the compound is broken 
down during the contractile processes. 
The ATP is in dynamic equilibrium with CF, and as 
llrP lowered, CF is used
1 
in that it builds it back up to normal 
CF -' ATP, 
Lt\\f,\l·\~pr-,~1!\-
itS !eBfl are,~ 
levels: 
With this very simple scheme of muscle metabolism in mind, the 
following changes during contraction mey- be better appreciated. 
In the resting muscle, there is a constant consumption of oxygen 
and a constant basal heat production. This is because there is a continual 
breakdown and resynthesis of the muscle structure, and an inherent instabi-
lity 'of ATP and CF, 
No added oxygen consumption occurs during the contraction of the 
muscle (still a single twitch), but only after the mechanical response has 
been completed. Then it remains above the resting level for a prolonged 
time, only gradually returning to normal. The heat changes are as follows: 
The first heat increase over basal level occurs during the latter half of 
the latent period, before any shortening of the muscle occurs. This is 
called the activation heat and it is substantial in amount. It blends with 
another heat quantity produced as the muscle shortens, but this heat pro-
duction occurs at a slow rate, and is called the shortening heat. Activa-
tion heat plus shortening heat together a.re called the initial heat productt",.._, 
of a muscle contraction. After the twitch or mechanical response has occurred, 
there is a long period of heat production coinciding with the increased 
oxygen consumption. This is called the recovery heat. Quantitatively, the 
activation heat is a.bout half the maximum shortening heat, and the initial 
heat is about equal to the recovery heat. The recovery heat lasts some 
600 times as long as the initial heat. 
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These changes are diagramed in Figure 5.5. 
R. H. 
Figure15-5 - 0:xygen Consumption and Heat Production During a Single Twitch 
E. ~ PH Changes 
The last parameter to discuss in connection with a muscle contrac-
tion is that of pH. 
The resting pH of muscle is though( to be around 6. 9. At the 
onset of contraction, there occurs a slight increase in alkalinity, coinci-
ding with the onset of recorded tension. Following this, there is a slight 
acid shift during contraction which gradually reverts to a marked alkaline 
phase. These changes have been attributed to the following. The first 
alkaline phase is believed to result from the formation of actonwosin from 
ro,yosin and actin. The second
1 
acid phase ia believed to be due to the split-
ting of ATP to ADP. The third alkaline phase is attributed to the dephos-
phorylation of CF. These changes are shown in Figure 15 .6. 
C 
M.R. 
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CP Splitting . . 
(Lactic Acid) 
Figure15.6 - pH Changes During a Muscle Twitch 
(1~ - c,,h,A-) 
To this diagram should be added[\p. fall in pH to the acid side (j.f 
the muscle is repeatedly stimulated to contrac1:) due to lactic acid forma-
tion. 
In sunnning then, the following events occur during a single muscle 
twitch. 
As the impulse travels down the motor nerve, it reaches the motor 
end plate region. By means of acetylcholine, an end-plate potential is 
e 
produced. The potential spreads to the surrounding membrane ..i1liciting a 
propagated spike over the surface of the muscle fiber. Wl.th the rapid rise 
in spike potential, Na+ enters the fiber, and as the spike wanes, K+ leaves 
the cell and Ca++ is freed from too membrane to the interior and exterior. 
After the spike, the muscle begins to lengthen. Heat production suddenly 
increases, and the muscle pH becomes slightly acidic. Actonwosin is formed, 
and a rise in heat is caused by the splitting of ATP. This is accompanied 
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by a further increase in acidity. Shortening of the muscle begins.,_ with 
further heat liberation. Na+ is extruded from the cells, and K+ begins to 
reenter. The pH of the fiber becomes markedly alkaline, due to CP break.-
dmm in replenishing the ATP, Ca++ is rebound in the membrane and contrac-
tion gives wey to relaxation; the initial heat declining into the recovery 
heat. O:xygen consum;ption begins to increase, as metabolism is stimulated, 
to replenish the metabolised CP, As CP is restored, the pH returns to 
normal. The mechanical response is over, but the o:xygen consumption and 
heat production remains high until the energy reserves are fully replenished. 
16.1 
CH APTER 16 
QUALITATIVE DESCRIPTION OF CERTAIN OTHER ASPECTS OF MUSCLE BEHAVIOR 
A qualitative description of certain aspects of muscle behavior 
other than the single twitch is useful before quantltive descriptions are 
attempted. 
A. Length-tension Diagram 
One important property is the relationship between length of a 
muscle and the tension developed upon stimulation. Recall that changing 
the length of a muse.le influences the work which the muscle will perform, 
or the tension which the muscle will develop. The distinction which is 
placed on the words work and tension, as applied to muscle, is briefly as 
follows: 
If a muscle is allowed to shorten with an attached load, as it 
is stimulated, then the load is lifted aver a certain distance, depending 
upon the degree of shortening, and work is accomplished. Such a contrac-
tion is termed an isotonic contraction since, after the load is first lifted, 
the tension on the muscle remains the same, as the weight remains the same. 
But if the ends of the muscle are held, rigid and not allowed to shorten 
when stimulated, then tension in the muscle increases to a maximum and 
then falls off. Since in this instance the tension on the muscle varies 
during the contraction cycle, and since here the length remains more or 
less fixed, this type of contraction is cal:Led isometric. 
With regard to the work output or tension development and length 
of the muscle fiber, the relationships are generally the same, and are dia-
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Figure16.l - Relation Between Length and Tension in Muscle 
It can be seen that as the length of the muscle is increased, the 
resting tension increases approximately exponentially and the developed 
tension changes as perhaps a power function of the length. Certain impor-
,f.,;_"'f V 
tant characteristics of these curves mey be noticed. Say that the in sites. 
resting length of muscle be designated at 10<:/fo length. Increasing or 
stretching the fiber or muscle to length l05i then is increasing the length 
5i over the ip_ Bi:\;~. resting length. It is noticed that at this length, 
the developed tension of the muscle reaches its highest value, and that on 
either side of this length the amount of tension which can be developed 
falls off. This means that the JI! sit~ resting length of muscle is near 
optimum for tension development or work performance. From the graph, it 
is also noticed that the resting tension increases at about the smne length 
as the maximum tension, and increases then very gradually at the length at 
which the developed tension has declined to zero. 
ff~) 
'~-'~ 
These curves ma;y-be explained in the following manner. In the 
first pa.rt of the curve, with the muscle shorter than resting length, the 
contraction of a single twitch is used to take up some of the slack in the 
series of· the elastic COJI\POnents of the fiber - the actin slack. As the 
muscle is stretch'1 some of this slack is taken up mechanically, and the 
actual contraction of the components begin to cause tension development in 
the fiber. The tension development increases until at the length at which 
all the slack is mechanically taken up, at which length a contraction exerts 
a maximum tension effect. Further stretching results in an increase in the 
resting tension) so.that with further increase in length, the total tension 
(resting and active) remains more or less constant, although the resting 
tension takes more and more a larger part of the total. Eventually, the 
resting tension alone equals the maximum developed tension, and at this 
length the developed tension falls to zero. Maximum tension is still pre-
sent, but it is in the form of resting tension and cannot be added to by 
contraction. Further stretching results in further mechanical increases 
in tension, until the fiber breaks. 
B. Summation of Contractile Response 
Another type of phenomena which deals with an altered mechanical 
response is referred to as the summation of contractile response, or wave 
sunnnation. Thus, if two impulses are delivered to a single muscle fiber 
or motor unit, in a period of time such that the second impulse falls during 
the contractile phase of the muscle, than a'second response is induced which 
is greater than the first. The second impulse has caused a summated contrac-
tile response. 
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Figurel6.2 - A Summated Contractile Response 
The explanation for this ma:y be two fold. One, as a wave of 
contraction courses over a fiber, the contracting areas stretch somewhat 
the uncontracted portions, permitting only a certain amount of actual total 
shortening, A second wave, being present only partialfy during the same 
time as the first, will cause a further shoo/ning, contracting a region 
of the fiber which would be normally stretch'somewhat by the first wave. 
This would produce wave summation. Another factor ma:y enter into the ex-
planation. Apparentfy in a single twitch, the processes of recovery come 
into operation immediatefy after excitation of the actual contraction 
process, so that as contraction begins, relaxation processes are already 
damping the contraction response. A second stimulus,then,again activates 
the contractile response and dela;y-s the relaxation, so that contraction ma:y 
occur to a greater degree, an:l. result in what is termed wave summation. 
Wave summation leads to tetanic contraction, in which relaxation 
does not occur at all, but the contractions are fused into a smooth conti-
nuous curve, the mechanical response being greater than during a single 
twitch for the reason indicated, 
The character of muscle response ma:y also be altered by the 
quantity of K+ ions present in the fiber. An optim.um range for this ion 
1,_1,M 
exists in the fiber (,.05 -.l2 M) and on each side of this optimum, the 
mechanical response of the fiber is depressed. The ion is concerned in 
some wa;y-with the association of actin and 11\YOSin. 
( 
As a muscle remains in an inactive state, it accumulates K+ ions. 
Eventual.J;y the concentration is beyond the optimum range for contraction. 
A stimulus, therefore, produces a response which is below the maximum other-
wise obtainable. During tle twitch, K+ flows out of the fiber and does not 
all reenter until some time has elapsed. If now, during this time, a second 
stimulus is given to the muscle, the response is greater, due to more opti-
mum concentration of K+ ions. This continues until the optimum contraction 
is reached. If activity is further sustained, too much K+ is 1;1,ie losi and 
the response may decline. This phenomena of increasing response with in-
creasing frequency of stimulus is referred to as the treppe effect, or 
staircase phenomena. 
C. Fatigue and Rigor 
At times, a persistent contracted state of the muscle may result 
from "fatigue", or mey be induced by drugs such, as veratrine, acetylchciine, 
etc. In this condition, nerve or electrode stimulation of the muscle does 
not pla;y a pa.rt. The cause is in the failure of the muscle to relax, and 
results when the membrane is constantly depolarized by ACH or veratrine, 
the ionic balance not allowed to return to normal, or ·from an exhaustion 
of ATP and its energy reserve, CP. If the supply of these substances is 
depleted, then relaxation does not occur. Contraction persists and the 
state is called contracture. Contracture is reversible, providing the ATP 
or CP is restored or the menibrane is allowed to repolarize. 
One type of irreversible contraction is termed rigor. Rigor is 
the slow contraction and hardening of muscles which occurs after death. 
It is not attended by metabolic activity or electrical activity, and is 
precipitated by the breakdown of all the ATP and CP in muscle, followed by 
the permanent coagulation of the contractile units. Rigor mey develop 
from ten minutes to seven hours after death. Heat, vigorous activity, fa-
tigue, all accelerate the process ·by accelerating the speed of breakdown of 
ATP and CP. The condition disappears in one to six da;ys, owing to the dis-




Muscle fatigue, a vague tenn, is defined as a diminished contrac-
tile response following a period of activity, completely reversible, follow-
ing a period of rest. It is a transitory decrease in the working capacity 
'-. 
of muscle. The causes of fatigue are probably many, but are not known with 
any certainty. As has already been indicated, one prominent feature in 
fatigue mey well be the loss of K+ ions from the muscle, as well as a loss 
of Ca++ and magnesium ions. Another cause which has been suggested is an 
interference with the metabolic reactions either yielding energy or utili-
zing the energy produced for contraction. pH changes are not thought to 
be of importanc;e. In the intact muscle, much of the fatigue mey occur not 
j, t·1,/ ~,(, 
at the muscle stu:f"f', but rather at the reyoneural junction, with the gradual 
depletion of acetylcholine at the end plate region. Thus, although with 
prolonged activity /!ft both the junction and the muscle fatigue, the complete 
refractoriness iii manifested by the 11\YOneural junction first. In some in-
stances, fatigue of muscle mey lead to contracture. 
CHAPTER 17 
QUANTITATIVE DESCRIPTION OF A SINGLE MUSCLE TWITCH 
The purpose of this chapter is to describe in a quantitative 
manner, mathematically, the time course changes of muscle length or tension 
development following the application of a single threshold excitatory 
stimulus to a muscle. A differential equation will be set up, based on a 
mechanical model for damped oscillatory motion, and using a chemical kinetic 
expression as the forcing function for the motion. 
The contraction cycle of muscle can be considered as an oscilla-
tion of a damped system, the oscillation far-ced by chemical reactions. By 
wey of introduction, consider first the manner in which equations of oscil-
lation are derived. 
A. Equations of Oscillation 
Oscillations originate wherever there is an exterior force tend-
ing to bring a displaced system back to its equilibrium position. .The 
most simple ("harmonic") form of oscillation occurs if the intensity of the 
restoring force is proportional to the distance from the equilibrium posi-
tion. 
Given a mass (Figure 7 .1) which is able to move along the x-axis 
and which is being pulled back to its equilibrium position x = 0 by a 
weightless spring such that the restoring force is Px = -ex. The motion 




Figure 17 ,l - Mass Attached to a 'Spring 
For the exact determination of a single case, two given values of initial 
position and velocity, are required, If, for example, at the beginning the 
mass is displaced from the equilibrium position and then released without 
any initial velocity, we have fort= O, x = :x:
0 
and dx/dt = O. If 1 on the 
other. hand,the particle at its equilibrium position receives a blow at the 
time t = O, we have at this instant: x = O, dx/dt = v . In this example, 
0 
it is possible to find the essential properties of the motion from the 
differential equation alone without the aid of the initial conditions. 
The differential equation Q7,l) is homogeneous and linear, that 
is, the unknown x or one of its derivatives is contained in the same power 
(the first) in every term. Differential equations of this type can be 
(,... integrated directly (for any order and any number of unknowns) by using 
exponential functions. A solution of a differential equation of this 
17.3 
type is given by 
X = Aeat. 67,2) 
Here, A is an arbitrary constant of ·integration, whereas the constant a. can 
be determined from the differential equation. Since the differential equa-
tion is homogeneous and linear, an arbitrary number of such solutions 1ll8i'f be 
added and the sum is again a solution. The order of the equation determines 
the number of independent solutions, and the necessary number of constants 
of integration ( in our case, two). We also can determine all the a.' s. For 
by introducing (7.2) in (7.1), we obtain 
_;a ct at 
mu Ae = -cAe , 
and this is an algebraic equation for a. since we can divide both sides by 
the exponential factor. The degree of the algebraic equation is determined 
by the order of the differential equation, and we thus obtain just the 
necessary number of solutions. In the above case 
ii= ± i (c/m) 1/ 2 
and it follows that 
Using the well known formula 
±" 
e 1Y = cos y ± i sin y 
We can write (7.3) in the form 
x = (A+ B) cos (c/m)l/q + i(A - B) sin (c/m) 1/ 2t 
= C cos (c/m) 1/2t + D sin (c/m) 1/ 2t. 07-5) 
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Since the solution of the problem mu.st be real, C and D are two real con-
stants which can easily be determined from the initial conditions. 
Assume that in addition to the restoring force which pulls the 
particle back to the equilibrium position, there is also a force acting 
due to friction, This resisting force ma;y be proportional to the speed 
dx/dt (factor k). This, however, is not always the exact form of a resis-
ting force, but in most cases can be used as an approximation. The differ-
ential equation is now the following: 
= -ex - k ax/a.t 67 .6) 
This is again homogeneous and. linear and. integrable in the form 
o:t x = Ae , and. represents the equation for damped. oscillatory motion (Figure 
7.2 and. 7.3). 
X 
t 
Figure17.2 - Damped. Oscillation Curve 
M 
f(t) 
Figure 17. 3 - Mechanical Mod.el of Damped. Oscillatory Motion 
,_ 
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B, Forcing Function 
Figure 7,3 also indicates the presence of a forcing function for 
the oscillation. In muscle, the tension development or shortening is deter-
mined by chemical reactions. For this ana.zysis, the kinetic expression for 
two first order irreversible consecutive reactions will be used: 
It is assumed that at time:O, a given a.mount of substance A is 
present in muscle, which, upon activation or stimulation, is transformed 
into substance B at rate !ti . It is further assumed that the amount of sub-
stance B present at any time is proportional to the shortening of the muscle, 
or to the tension developed. In order to include a forcing function in 
equation 67.6), it is necessary to find an expression for the amount of 
substance B present as a function of time, This is done as follows. 
Set the concentration of A at any time= x, of B = y, andct' C = z. 
By definition, and proved experimentally, a first order irreversible reaction 
is described by 
dx 
- dt = 1ti_ x, 67 .6) 
dx or, the rate of disappearance of x, i.e., - dt, is proportional at any 
time to the concentration of x. 
Hence, 
dx 
k1 (dt) = X 
and, -J dx dt = J ki{dt)dt X 07 .8) 
- ln x = k1 t + C 07,9) 
17.6 
I 
To evaluate c, let t = o, then C = -¢n x. Also, at t = o, x = A:,, 









-kt e ."l. • , 
This represents the concentration of x at any time. 
67-10) 
The concentration of y at any time is determined as follows: 
The rate of appearance of y, * , is dependent upon the concentra-
tion of x at any t:!me, and upon the first velocity constant. Thus: 
The rate of disappearance of y, - £t , is dependent upon the con-
centration of y at any t:ime, and upon the second velocity constant. Thus: 
But in two consecutive reactions, the actual rate of appearance 








The solution of this equation is carried out as follows: 
y = UV• 






Following standard procedure for solving first order linear 
differential equations, let dV 
dt + ¾V = O. 





j .. dV v-= J enV = 
To evaluate C', let t = O. Then, since at t = O, V = V0 , 
and, 
j (V )' 
¢n \..v = 
0 
Returning to equation 67. 14), and under the conditions where 
dV dV 
dt = -kaV or dt + kaV = O, then 07.14) becomes 
V dU _ • ,,_ -k}t dt - ..,,,.'"1 e • 
Substituting the value of V from (7.15) into (7.16): 
(17 .17) 
and, 





.i\,1½_ e +{k:a - 1½_ ) c 
V ~ (k:a -1½_ ) 
+ C II 
Since y = UV, multiplying (17.19) by (17.15) gives: 
UV = y 
To evaluate C", let t = O, then y = O, and 
0 = 
Substituting back into Q7.20), 
y = 
+ C"V 0 
= e-kat ( .A,,1½_et(ka - ~) - Aoki) 
¾ - ki 
= Ao1½_ e -1½, t - Ao1½_ e-k:a t 
k:a - 1½_ 
" 
= Aoki ( e-~ t _ e-k:at) 








M = mass of muscle and recording system 
y = shortening or tension development 
t = time 
R = damping coefficient of muscle and recording system 
K = stiffness coefficient of muscle and recording system 
p = proportionality constant 
A,, = a.mount of A substance present at t = 0 
~ = rate constant for conversion of A -<i.8 
~ = rate constant for conversion of B .... C. 
67 .25) 
The solution of (17.25), a secoo.d order linear differential equa-
tion, is presented in the next chapter. 
18.1 
CHAPTER 18 
SOLUTION OF EQ,UATION DESCRIBING SINGLE MUSCLE TWITCH 
The solution of Q7.25), a second order linear differential equa-
tion with constant coefficients, is carried out as follows: 
a. The equation is put into the general form 
day .sr 
f(t) dt 2 + p dt + Q,y = 
• Hench (7.25) becomes 
day 
dt 2 
R 2a, Let - = M 
+ _B_ .sr + K I: f(t) -y = 
K 
M 
M dt M M 
l 
C, and thus = z, and - = M 
2a ,sr + Zy = Cf(t) 
dt 
b. Set 





rt c . The term r is evaluated by differentiating y = e twice, and 
E9i substituting the results back into (8.4): 
rt 
Y = e 
~ 
dt 
rt = re 
rt Dividing (8.6) bye gives 
(8.6) 
Equation (8.7) is called the auxiliary equation, and through the 




-2a ± J (2a)8 - 4z 
2 
and -a - I a8 
The complete solution of (8.4) is therefore: 
C 
{-a+ I a2 -z 





Equation (8.8) is the complementary solution of (8.3). 
e. The complementary solution is further developed as follows: 
Consider the case where ✓ a3 - z is imaginary. (If equation (8.3) 
represents oscillatory motion, where M = mass of system, R = damping 
R K 
coefficient, K = stiffness coefficient, and since a= 2M, and Z = M, 
and since K is almost alweys much larger than R, the quantity ✓ a3 - z 
will be imaginary.) Arrange (8.8) as 
y = 
and, 
y = (8.10) 
Recall that Euler's formula is 
t 
ix e = cos x + i sin x 
and, 
-ix e = cos x - i sin x 
Let i = ✓ a3 - z ' and x = t, so that {8.10) becomes: 
(8.11) 
18.4 
(8.ll) is simplified as follows: 
Let Cl = ½ {j. - B' Jaa - z ) 
Ca = ½(A+B 1 ./a
2 - z ) 
Thus, (8.ll) becomes, 
- z ) ( cos t + ./ a2 - z sin t) + 
½ (A + B' ./ a2 - z ) (cos t - ./ a2 - z sin t ) ] . (8.l2) 
Multiplying the quantiti. es out, (8 .l2) reduces to: 
-at ( a ). 
y = e \_A cos t - B' (a - z) sin t (8.l3) 
Setting B' (a 2 - z) = B, (8.l3) is 
y = -at ( ) e A COj! t - B sin t (8.l4) 
This is the complete solution of (8.4) and the complementary 
solution of (8.3); the constan~ A and Bare to be determined. 
f(t). 
f. The complete solution of 
Suppose that f(t) = pA
0
k,_ 
¾ - k1 
(8.3) ~s dependent upon the form of 
(e:k,_t - e-kat), or the right hand of 
equation (8.3) can be written as:. c•e-k,_t - c•e-kgt .· Successive integra-
- -k t - -It. t tion of this expression will alweys lead to a form W e .. 1 - Z e ;i , 
• 
- -where W ani Z are undetermined coefficients. A particular solution of 
(8.3) is therefore 
- -kt - -kt 
y = We l - Ze .. l! • p . 
(8.15) 
The general solution of the given equation, (8.3), is a combi-
nation of (8.15) and(8.14): 
- -k t -at ( ) - Z e ·"JI + e A cos t. - B sin t . (8.16) 
g. The undetermined coefficients of (8.16), W, Z, A, and B, are 
evaluated as follows: 
Let (A cos t • B sin t) = A . . Then (8.16) is: 
(8.17) 
At t = O, let y = O, and (8.17) is O = W - Z + A, A= -(W - Z). 
(8.17) is therefore: 
Now differentiate (8.15) twice: 
y = 





a W- -kt 
k e 1 (8.20) 
1 
Substitute these expressions into equation (8.3) giving: 
2 - -k t ,,a - -k t I - -k t - _1, t] 1\ W e ·-i - "2 Z e ·-a + 2a.t. -k,_ W e 1 + ka Z e ·-a + 
l- -k t - -k t] ( -k t -k t ) zwe·• -ze·-s == C' e·• -e·-s (8.21) 
Collecting the Wand Z terms give: 
(8.22) 
It is apparent that C ' must be: 
(8.23) 
Hence, 
w .. C' 
The solution of equation (7.25) can therefore be written as: 
where 
w = 










ANALOG CCMPUTER THEORY; SUMMING .AMPLIFIERS 
In actual practice, in order for a muscle twitch to be described 
quantitativel:y, as by equation (8.24), it·is necessary to obtain an exact 
fit of a recorded twitch curve with the theoretical curve of equation (8.24). 
If this is done, then values for the rate constants, damping and stiffness 
coefficients of muscle are obtained. It is not an easy task, however, to 
matc,h a twitch curve to equation (8.24) by hand, and therefore at this time, 
it is well to introduce the analog canputer and its application to curve 
matching. 
Computer summation of equation terms is discussed in this chapter, 
the integration of terms by the computer in Chapter 10 togetrer with the 
procedure for generating exponential terms, and in Chapter 11, time and 
amplitude scaling for computers will be considered. 
In solving a differential equatioq such as 
d"'x dx 
dte + 4 dt + lOx = 50 sin x, 
two fundamental operations are necessary; the summing of terms and integra-
tion. Hence, in an analog computer, there are two basic kinds of amplifiers: 
sunnning amplifiers for adding equation terms, and integrating amplifiers 
for integrating equation terms. Summing amplifiers will be discussed first. 
In the following, a certain voltage is applied to the input grid 
of a summing amplifier, which is diagra.med in Figure 9.1. The object of 
the discussion is to define the output voltage of the amplifier in terms 







,£,,;, ,?/ --~ (I i? 
Figure 9.1 - Summing .Amplifier 
Consider the circuit diagram of Figure 9.1, where: 
e1 = "incoming" voltage to resistor R1 
R1 = fixed resistance 
e2 = "outgoing" voltage from resistor R1 
A = high gain amplifier (50 x 108 ), with amplification = A 
~ = fixed feedback resistor across amplifier 
e0 = output voltage of amplifier 
i 1 = current from resistor R1 
i 2 = feedback current from amplifier 
ig = current drawn by grid of amplifier 
Assume that the amplifier draws essentially no current from its 
input grid, so that 
From Kirchhoff's first law ( the algebraic sum of the currents 
flowing toward any point in a network is zero), it is apparent that at 
19-3 
node :point 11a 11, 
\ or (9.1) 
(The sign of the input current is reversed by the amplifier.) 
From Ohm's law, 
i1 = ei - ei (9.2) R1 
and -is = e12 - e;i (9.3) 
RF ' 
or is = 
e2 - e0 (9.4) 
RF 
Also, eo = -Ae2 (9.5) 
From (9.1), (9.2), and (9.4), 
e1 - e,; = ea - e0r 
R1 RF 




Consider now equation (9.8) if RF= 1 ioogohm, R1 = 1 megohm, 
andA=50x10 8 • 
Then 
' 1 
- 1 L 1 \1-750 x 10"6x (2) 
~ - 1 . 
8 
Or, if ~ = 1 megohm, R1 = 0.1 megohm, + A= 50 x 10 , then 
~ = - .J:._ ( 0.9999999) e1 0.1 
~ = - 10 • 
--·-, 




It is apparent that in a summing amplifier, a very good approxi,-
mation of the relation between input and output is as follows: 
(9.9) 
The value of an input voltage can thus be altered by changing the 
ratio of the feedback and input resistances. 
It is also apparent that if the feedback.resistance equals the 
input resist.ance, then eo = -e 1 ; i.e., the sign of the voltage only is 
changed. 
Consider now the situation where two or more inputs exist to the 
summing amplifier; as in Figure 9.2. 
/?., 
R, t 't fol c, ➔ 
II:,_ 11,. 





Figure 9.2 - Summing Amplifier With Three Inputs 
As before, let ig = O, and 




Now, if A= 50 x 108 , and eo = 50 x 108 e4 , then 
100 
If eo = 100 volts, . then e4 .= 50 x 108 = 0.000002 volts. 
In other words, consider that e4 = 0. Hence, (9.8) becomes: 
eo (9.11) 
Thus, the output voltage of a summing amplifier in the negative 
sum of the input voltages divided by each input resistance, and multiplied 
by the feedback resistance. 
In Figure 9.2, if R1 , Ra, Rs, and RF all equal 1 megohm, then 
Now suppose that three terms in an equation are to be summed, the 
three terms represented by voltage e1 , ea, and e3 • Also suppose that e1 is 
twice the value required by the equation, and that e3 is only .2:.- the value 
10 
required. The val1e of e2 is alright as stands. The three voltages can be 
summed in the required proportions by altering the values of each input 
resistor. Thus, let 
e1 = 20 volts (required= 10 volts) 
e2 = 10 volts 





RF = 1 megohm 
R1 = 2 megohms 
I¼ = 1 megohm 
R:3 = 0,1 megohm 
= -70 volts, the correct and required sum, 
It will be noticed in this example that the input voltages are 
changed only by whole integers, not by fractions. This is because in the 
computer, the input and feedback resistors are fixed "whole numbers" in 
value. In practice, howeyer, fractional voltage inputs are very commonly 
required, and these are achieved through the use of potentiometers which 
are placed in the circuit imrnediatefy before the input resistors. The 
potentiometers are variable resistors which fraction the incoming voltage 
between ground and the fixed input resistances, Thus fractional inputs 









Ra= potentiometer resistance 
ae 1 = fractional voltage of e1 
p., 
Figure 9.3 - Input or Coefficient Potentiometer Diagram 
Adding a potentiometer to the circuit changes the relation 
between input and output voltages of equation (9.9) to 
e., a (9.12) 
and of equation (9.11) to 
(9.13) 
In the above exa!I\Ple of three input voltages to a summing a!I\Pli-
fier, suppose that the actual input voltages required a.re e1 = 11;45 volts, 
e2 = 7.63 volts, e3 = 47.65 volts. Since each voltage represents a term 
in an equation, the fractional component can be written as a coefficient 
of the variable of the term, as seen in the following table. (Assume that 
the values given each variable a.re values at a fixed instant of time.) 
e Input Required Variable Coefficient Hall Potentiometer 
Values Values Term Value Value Setting 
e1 = 20 11.45 31.x 10 1.145 O.ll45 
ea = 10 7.63 BeY 10 0.763 0.763 
e3 = 5 47.65 8<)Z 50 0.953 0.953 
From equation (9.12), the values for the input and feedback 




= - 0.1145 (1) (20); R1 
o. 763 (1) 
7.63 (10) 
0.,53 (1) Ra = - - 6 7. 5 (5) 




The output of the sunnning amplifier is therefore: 
= _ 1 l co.1145)(20> + co.763)(10) co.953)(5) J ~2 1 + 0.1 
= - 66.73 volts, the required sum. 
It will be noticed that the actual potentiometer setting must 
alweys be less than l. The negative sign of the above sum can be inverted 
by passing the output of the first amplifier through a second sununing . 
amplifier with a~ ratio of 1. 
The above example constitutes a very indirect wey of introducing 
the operation of a sunnning amplifier. A realistic example would be appro-
priate at this time. 




- 2xlif.- a~ · dt 
- 100 ~ 
+ 100 Ce- .1.Ki t 
Let a, Z, and C be constants with the following values: 
1. a= 15.1 
2. Z = 950 
3, C = 9.6 x 10-a 
19-l0 
The value of the coefficients of the terms therefore are: 
L l5.l x (-2 x l0 3 ) = -30,2 x l0 3 
2, 950 X (-lOO) = -9,5 X lcf 
3. 9.6 x l0- 3 x (l00) = 9.6 • 
Available as inputs to the summing amplifier are: 
L -la4 ey dt 
2, -l0 4 y 
3, + e-.1K1t 
The difference between the available input of a term and the 
actual desired term is remedied by means of a potentiometer and the input 
resistor. 
Consider term 3. 
The desired term is 9.6 e-.lKit, The available input is e-.lKit 
If the potentiometer is set at 0.96, and a gain of l0 given to the input of 
this term, by ma.king the~ ratio l0, then the required term is generated: 
Note that the potentiometer setting is lOC. 
In the second term, the ratio between the desired and available 
values is 9. 5. Thus,_ a potentiometer setting of o. 95 and an amplifier gain 
of 10 will accomplish the desired end: 
eo c _ (l)(0.950) 0.l 
Here, the potentiometer setting= 0.00lZ. 
19,ll 
In the third term, the ratio between desired and available values 
4 
i 3,02 x l0 s l~ = 3.02. If the potentiometer is set at 0.302, and an a.mp-
lifier gain of l0 is ma.de, then 
= - (l)(0. 302) (lif) = 3,02 x lif 0.l 
Here, the potentiometer setting is 0.02a. 
The problem is set up in tabular form as follows: 
Desired 
Term 
-2 X lcf'a ~ 
dt 
-lOOZy 






9.6 X 10-a 
VaJ.ue of 
Coefficient 
-3.02 X 104 







e - .1K1 t 












9.5 X 104 
= 9.5 
104 



























It is diagramed as follows: 
, ~II,, 





l. 0,302 = 0.02a 
2, 0.950 = o,OOlZ 
3, 0.960 = lOC 






.ANALOG CCW'UTER THEORY, CONTINUED 
A. Integrating Amplifiers 
An integrating am;plifier of an analog computer is an am;plifier 
which will integrate input voltages as a function of time. Its operation 







Figure 10.l - Integrating Amplifier 
It will be noticed in Figure 10.l that the feedback resistance 
of the sunnn.ing am;plifier has been replaced by a feedback capacitor, In 
addition, a variable EMF across the am;plifier is added, so that at time 
equal or less than zero, a certain initial charge can be put on CF· This 
circuit is broken at t = O, and thus initial condition voltages are intro-
duced into the circuit. For time > 0, at node point "a", i 1 +(-ia) = ig, 
C d(eo - e;) 
+ F dt = ig. (10.1) 
(Recall that the current flow from a capacitor equals the capa-
dv ) citance times the change of plate voltage per unit time, Ic = C dt • 
'10 .2 
AJ3 before, assume ig ;;;-O. Then equation (10.1) becomes: 
0 • (10.2) 
Solving (10.2) for ea, 
ea = - · (10.3) 
From (10.3), it is apparent that the output voltage is the integral 
l . 
of the input voltage, times a gain factor, - Rp~ , and plus a constant c. 
At time = 0, the input voltage e1 is o, so that C = ea at t = o. The value 
of e0 at t = 0 is the voltage applied to CF by the initial conditions circuit. 
Hence, C represents the initial conditions voltage, and is zero only if 




Figure 10.2 - Integrating Amplifier; Two Inputs Through Potentiometers 








104 ~t~ + 2 x let a ~ + lOOZy = 100 ce - . lKi t , 
a 
104 ~ = 
dt 2 
3l dy -2 X 10 •a -
dt 
Let the problem be to find yin (10.5). In the exam:ple given in 
the section on surraning amplifiers, the three right-hand terms of equation 
(10.5) were sunnned. Their sum is equal to the second derivative of y, so 
trn.t the output of the surraning amplifier can be used as the input, to an 
integrator, and the output of the integrator can be used as the input to 
a second .integrator, giving y, as follows: 
1J .. -:.o 
:Le,, o 
? J._Jc, 




/\ I K~ ~ ~ .. 
__,,, 
1 1 } " .. -107 




where R1 , Ra, C1 , and Ca all equaJ. 1 megohm or 1 microfarad, and y = 0 
at t = 0. Here, straight integrations were performed, with no change in 
gain and no potentiometers necessary. If it is desired to let ea equaJ. y 
exactly (no coefficient; positive sign), then the output of the summing 
amplifier can be handled as follows: 
~.I.(. a o T.l co 
Re 
c, c,. 
~ ,, . -;,:, ,J.--(.,_ ~, R, /?3 +,;, 
t - .J-I o ~ !:,J-;· ~;r _. -'1 
where Pot CD = 0.1 Pot ® = 0.1 
R1 = 10 Rs = 10 
C1 = 1 Ca .. 1 
Ra = 1 I¼, = 1 
The output of amplifier 1 is: 
= _ 0.1 (-104 dy ) 
10 dt 
= + lif : . 
The output of amplifier 2 is: 
eo = - ~c/ (+ lify ) 
= - y • 
B. Generating Exponential Functions 
The forcing function of a muscle contraction very likely is the 
result of chemical kinetics, and. exponential in nature. Exponential 
functions are generated. by the computer in the following wey: 
Recall that if y = 
then, 
and., 
Thus, if the input to an integrator ·is: 
the output of the amplifier, with the amplifier sign change, would. be: 
It is readily apparent that this output, multiplied. by K1 , can 
be used. as the smplifier input. Therefore, conditions are set so that 
( 
R = 1.0, 
io.6 




Figure 10. 3 - Generation of -e , Where Ki = RCF 
In Figure 10.3, 
and CF= 1.0, 
a 
= O. 5, then R 
CF 
= 0.5; a could equal 0.5, 
The output voltage of the set up in Figure 10.3 is: 
E!o • - a t -Kit RCF o e1 dt + C (10.6) 
= - 0,5 J! -e-o. 5tdt + C 
= 
-o.5t 
- e + 1 + c. 
In the above equations, c is an arbitrary constant of integration 
equal to the value of e0 at t = 0. It is apparent that at t = 0, eo = -1, 
and thus, I. c. (0) = -1. 
Equation (10,6) therefore becomes: 
;t; 
eo .. -Ki Jo/\ dt + C = (10.8) 
-t<,t 
-;,. 
It is of interest to note the range through which e,, of Figure 
10.3 varies from t = 0 to t = 00 • 
At t = o, eo = -1 
t = l, . eo = -o.6o6 
t = 2, eo = -0.368 
t = .,, eo = 0 
Thus, e0 varies from -1 volt to zero. 
+ 
0 
t = 0 
~ 
t 
-Kit If it desired to generate +e then 
eo = 
and if Ki= 0.5, then 
+ c, 
eo rt -o. 5t = -0. 5 Jo e dt + c 
-o.5t = e - l + C. 
' 
1.0.8 
At t = o, eo = 1, thus c = l, I.c.(o) = +l. In this instance, 
/~', 
v eo varies from +1 at t = 0 to O at t = "' . 
The influence of changing the initial condition voltage on the 
output of the integrator is as follows: 
If I.C.(0) = -100 volts, then e0 = -100 at t = o. Yet, according 
to (10.8), 
eo 
and here at. t = 0, eo = -1. Therefore, for e0 = -100 at t = o, equation. 
(10.8) must be altered to read: 
eo 
where A= 100; i.e, the magnitude of the voltage change has been increased 
by a factor of 100. Thus, (10.7) becomes: 
rt -o.5t eo = -0 · 5 Jo - l0Oe dt + c 
= 
= -100 e-o. 5t + 100 + c 
where C = -100 
eo varies in this instance from -100 volts at t = 0 to o at t = "' . 
Likewise, with r.c.(o) = +100 volts, 
eo loo -o.5t = + e • 
Now, consider the case where it is desired to generate the 
function: 
-Kit -K.at This can be done simpzy by generating -e and +e , and then 
summing the .two terms. The summing amplifier will change the signs to: 
Figure l0.4 shows the diagram generating this function. 
-:r.c.(•) < -1 
+---I -c ,--1 
R, 
--, ,,,, }---'1-~/·---,..--1 
Figure l0.4 - Generation Of ( e-Kit -e-Kat ) 
If in Figure l0.4, the initial conditions are+ and - lOO volts, 




ANALOG CCMPUTER THEORY I CONCLUDED 
A. Time ScaJ.e Changes of Basic Equations for Coro;puter Sol.ution 
The frequency of a system under study ma;y be too high or too 1.ow 
for computer operation or for recording. If so, it is necessary to adjust 
the time scaJ.e of the system equations, Errors in integrations are accen-
tuated by 1.ow frequency systems, whereas high frequencies resul.t in a phase 
shift in the operationaJ. ampl.ifiers, or ma;y be too fast for the dynamics 
of recording devices. 
A heart muscl.e twitch is a system of rel.ativel.y 1.ow frequency: 
4 to 1.0 cycl.es per second. If a gaJ.vanometer-driven recorder or an oscil.-
1.oscope is used as a computer readout device, these frequencies are not 
1.imiting. If a servo-driven recorder is used, the probl.em frequency must 
be cut down to 0.1. - 0.5 cps. 
Many computer ampl.ifiers will. show a phase shift at about 20 
radians/sec. ;;;-3 cps. The Donner ampl.ifier, however, shows less than 0.2 
degrees shift at 1.000 cps. Al.so, this ampl.ifier shows no distortion of 
1.00 vol.ts up to 700 cps. Therefore, the naturaJ. damped frequency of a 
heart muscl.e twitch shoul.d provide no distortion when directl.y handl.ed by 
a Donner Computer, and the system equations shoul.d not require time 
scaJ.ing. It ma;y be desirabl.e at times, however, to sl.ow the computer 
sol.ution so that accurate readings 
ma;y be made during a twitch cy_cl.e. 
changes 1s as foll.ows: 
of the vaJ.ue of various equation terms 
The manner of performing time scaJ.e 
.An ordinary second order differentiaJ. equation of the type 
a 
M :ti + C £t + Ky = f(t) (1.1.1.) 
can be written as: 
where, 
f(t) (11.2) 
wn = undamped natural frequency in radians/sec. 
C = damping ratio, of actual damping to the 
critically damped situation. 
It is apparent from (11.l) and(ll.2) that 
w = I~ 
n 'V M 
(The relation between linear frequency and angular frequency of 
a system with zero damping is: 
f = 
w 
- = 2TT 
where f = linear frequency in cps. A single muscle twitch is considered 
as one complete oscillation, one cycle.) 
In performing a time scale change in an equation, each time 
containing term is multiplied by a factor "a". The new "time" is designated 




'T = at. 






:a :a d y 
= a -:::a 
dT 
A numerical example of a t:llne scale change is as follows: 
d:a 
~ + ~ 2a dt + Zy = 
c(e-Kat _ e-K1t) (11.3) 
z = 939.83 
Uln = ✓939.83 C 30. 6 railian/ sec . 
If this is too fast for the desired computer solution, it mey 
be slowed down by a factor of 10; then 
and 
T 
t = 10 
2 :a g = 100 £.-Z 
dt dr" 
Equation (11.3) now becomes: 
The undamped natural frequency of the new equation is: 
w ✓ 939.83 
n = 100 = 3.o6 railians/sec. machine time. 
If the initial conditions of equation (11.3) are: 
Y = o, £t = 0 at t = o, 
(11.4) 
( 
then the new initial conditions of equation (ll.4) are W1changed: 
y = o, ~ dT = 0 at T = o. 
But if y = o, ~ = 10 a.t t = 0, then dt 
y = o, ~ = 1 at T .. 0 since ~ .. 10 ~, dT dt dT 
With this time scale change, a muscle twitch which is completed 
in 250 msec. of real time will now be canpleted in 2. 5 sec. of computer 
time. Real and computer time recordirlgs can be made to coincide if the 
muscle twitch records are made with a paper speed ten times tha.t for 
recording the computer solution, Thus, the smne records will be recorded 
during the smne pa.per distance. 
Note tha;t the frequency with zero damping of a muscle twitch, 
according to equation (11,3), is: 
f = 2~ = g~2  = 4.8 cycles/sec., 
or each twitch would last approximately 200 msec. When stimulated a.t 
a ra.te of 1/sec., each twitch lasts for a. little longer than 200 msec., 
the difference due to damping. 
B, Amplitude Scale Changes of Basic Equations 
rJ! 
The physical W1its ofl)system are expressed in terms of voltage 
.outputs of the computer amplifiers. If a muscle shortens 200 mm, and 
each computer volt is set equal to 1 mm, then the amplifiers will be 
< 
overloaded, since the output voltage of each amplifier whould be kept 
within ± 100 volts and a.wey from zero. It is good practice to keep all 
peak voltages near ::I: 50 volts. In the above example of muscle shortening, 
amplitude scaling wouJ.d have to be performed on the descriptive equation, 
such that, perhaps, each nnn shortening= 0.25 volts, or l volt = 4 nnn 
shortening. Thus, 200 nnn of shortening would be represented by 50 volts. 
The voltage present in a computer circuit is determined basically 
by the initial conditions of the problem, and by the magnitude of the 
driving or forcing functions. Before amplitude scaling can be done, it 
\, 
is necessary to know or approximate the magnitude of the variables in the 
equations. This is done as follows: 
Consider the following equation: 
d
2 y 5l'.: ( -Kat -Kit) 
dta + 2a dt + 'liy = C e - e , 
where y = the amount of shortening of the muscle. Experimentally, let 
it be known that the maximum value of y, y (max), equals 0.001 cm. 
The natural undamped frequency of (11.5) is: 
If Z = 940, then Wn = 30.6 radians/sec. 
AB a general principle, if Wn is greater than unity, then i (max) 
is proportionalJ.y greater than y (max). If Wn is less than unity, then 
i (max) is proportionalJ.y less than y. 
In the above example, if wn = 30, then *(max) = 30 x y(max) 
= 30 X 0.001 = .030. 
Likewise, d
2 y ... 2 










dt 2 (max) 
= 900 X 0.001 = 0.90 
Y (max) = 0.001 
~ 
dt(max) = 0.030 
da 
dt!(max) = 0.90 
The validity of the above method for establishing maximum 
values of variables is seen in the following: 
y = Sin W t 
* = w cos wt 
a 
~ = - w3 sin w t. 
dt 2 
Since the maximum value of sin and cos= l, it is apparent 
lcmax) = w y <max) 
da g = w2 y (max) 
dt (max) 
Therefore, if the physical problem is oscillatory in nature, 
then the maximum values of the variables and their derivatives may be 
determined from the undamped natural frequency of the system. 
If damping is present in tle system, then the maximum values 
of the derivatives found by this method are too large, since damping 
decreases the frequency. 
In equation (11. 5), the forcing function for muscle shorten-
ing is: 
C( -Kat -Kit) e - e . 
The ~itude of the forcing function determines, of course, 
the magnitude of the contraction. Since the above expression contains 
a proportionality factor which renders the expression equivalent to 
the muscle shortening, its maximum value therefore equals the maximum 
value of y, which is 0.001 unit. 
In equation (11.5) therefore, the maximum values of the terms 
are: 
y = 0.001 
£t = 0.03 
= 0.001 
Thee terms of the equation are generated by separate ampli-
fiers so that their maximum values should be known. /lJ3 is obvious, 
they vary from ±1 to 0. 
3,2.l 
CHAPTER 
QUANTITATIVE ANALYSIS OF A MUSCLE TWITCH; DETERMINATION OF THE EFFECTIVE 
MASS, D.AMPING AND STIFFNESS COEFFICIENTS 
A. Theory 
Assume that the muscle twitch is being recorded by neans of 
a strain gage • 
probably have 
equation: 
The gage arm, with or without the connecting lever, 
a motion of oscillation which can be described by the 
my + i3y + ky = 0. 
will 
For damping below critical, 13 < 2 /7im"" , the frequency of 
oscillation is given by: 
The successive maximum distances, in absolute values, from 
the equilibrium position, are given by: 
given by: 




The logarithmic decrement of the oscillation is therefore 
Cy + 1 ' e; = 1n nYn ) = 1n Yn + l - 1n Yn = i3 TT 2 m llJ 
For clarification, the displacements Yn and Yn + l are indi-
cated on the following curve: 
----211. 
w 
~ -rr-0> -il 
If the ratio between Yn and Yn + 2 is to be determined, then 
the logarithmic decrement is given as: 
tity 2sm 
_ S TT 
m w 
In general, the logarithmic decrement term per se is the quan-
When it is used in an equation with the ratios of maximum 
displacements, it is multiplied by the period covered by the displacements, 
as~ for successive+ and - displacements giving 2nmSW, or 
2wn for sue-
. S 2n Sn cessive + + displacerents giving 2m x w = m w • 
In practice, the mass accelerated, initial velocity= o, and 
the damping constant are determined as follows: 
Determine an oscillation curve with the unknown mass. Deter-
mine a second oscillation curve by adding a 10 gram weight to the end 
of the transducer arm. Hence, 111:l = Ill], + 10. 
The equations for the logarithmic decrerents of the two curves 
are given by: 
0 
a.2.3 
1n Y1 - ln Y:a (12.1) 
ln Ys - ln y4 = (12.2) 
Dividing (12,1) by (12.2): 
1n (Y1 - Y:a ) = 
1n {y3 - Y4) 
= (Ill!. + 10) W:a • 
Hence, since the logs of the displacements and W1 + w2 are 
known, Ill!. can be calculated. This done, the value of ll1l. can be substi-
tuted back into equation (12.1), and 13 evaJ.uated. Mass is measured in 
grams, w =radians/sec= 2 TT f where f = oscillations/sec, 13 = mass/time. 




Once m and 13 are known, k can be deduced. 
The units of the quantities in the equation are as follows: 
w = radians/sec = 2 TT f = frequency in cycles/sec = ~ 
13 = mass/time = grams/sec = ¥ 
k = mass/time 2 = grams/sec 2 M = = 'II=· 
A dimensional analysis of the terms in the abav-e equation is 
as follows: 
U) = 
1 - = T 
1 1 - .. T T 
r,2 
- ;-a 4m 
1 - r 
B. Experimental Examples 
(a) An example of a calculation of the logarithmic decrement 
of a curve is as follows: 
From the curve and data given on page 192-3 of Spiegel, Applied 
Differential Equations: 
13 TT 
Yn = 0.333 inches 
Yn + 1 2 m w 
= e 
Yn 
Yn + 1 = 0.057 inches 
13 = 1.5 lbs/sec 
-J. 1<j 
·~ 14 l.2 
2 6 4/3 







U) = 4 ~ radians/sec 
0.175 = 0.175 




--- = 2 .m w 
1n 0.175 = - 1.73 
- 1.73 
It m.cy-be that the oscillations will not be measured in 
radians/sec (w). For example, suppose the tilre for one complete oscil-
lation is measured, that is, the period. Then the frequency of the 




For example, the period of the example was 0. 99 seconds. The 
frequency was therefore o.t ¢ or 1,01 cycles/sec, and 
w = 2 TT f = 2 TT• 1.61 = 6.928 = 4 ✓3 radians/sec. 
In practice, m is measured in grams by weighing on a balance, 
y is measured in cm, t in seconds, and k determined by adding weights 
to system and measuring displacement of system, calculated over a dis-
placement of one cm. The weights used for the displacement are multi-
M 
plied by 980 to give the constant the proper units: T2, since 
M L 
• 2 = L T 
1.2.6 
(b) A check of calculation with single spring-mass system: 
An oscillation curve is recorded from a single mass-spring 
arrangement .c±J . A second curve is recorded after adding a 50 gram 
,,t 
weight to the mass. The original mass and spring are weigh-ti on a 
balance and found to be 325 grams, Hence, m = 325, m + 50 = 375, 
Yln + 1 
Yln 
S TT 
- 2 m w 
= e 
13 TT 
= - -2-m---'---9-.'--4-2 
m; f = 1.5 cps; UJ = 2 TT f = 9,42 
Yin= ~250 cm 
Yin+ 1 = .242 cm 
f = 1.4 cps; UJ = 2 TT f = 8.79 
y20 = ~250 cm 
Y2n + 1 = .245 cm 
13 TT 
Ysn + 1 2 UJ (m + 50) 
= e 
Y20 
1n (245) /3 TT = - 2 • 8.79(m + 50) • 250 
1n ,9677 (18,84 m) = - S TT ln( ,97)(17 .58 m + 879) = - /3 TT 
1n ,9677 = - .0328 1n .97 = - .03046 
- 0.618 m = - ,536 m - 26.81 
.022 m = 26.81 
m = 325 grams 
m + 50 = 375 grams 
( 
8 




- •0328 = - 18.84 • 325 - .03046 
3.14 13 
= - ~1-7"-. 5:.;8;...:.....· ! .3_7_5_ 
B = 63.7 gr81IIS/sec 13 = 63.7 gr=/sec 
The da.m:_ping of the system is a force, and is equal here to 
63. 7 times the instantaneous velocity * . Hence, the da.m:_ping force 
given numerically in gr81IJS equals 63. 7 times * . 
k determination 
w = Jf=-h m 4m 
w = 9.42, i3 = 63.7, m = 325 
k = 
= 28,800 gr81IIS/sec2 • This is usually given simply as a 
constant, 28,800, meaning that a force of 28,800 dynes will deflect 
the spring/cm. In terms of masses hung on the spring, then 
2¼~00 = 29.4 gr81IJS will stretch the spring 1 cm. 
Experimentally, a 50 grsm weight hung on the spring deflected 
the spring 1. 7 cm. Hence 29.4 gr81IJS deflected the spring 1 cm, or a 
force of 29.4 x 980 = 28,800 dynes. 
(c) Another example, determined on a.ctuaJ. recording systems: 
The natural frequency of strain gage arm is about 140 cps. 
The strain gage amplifier output is linear only up to 40 cps • Hence, 
t'i 1\'f 
5. 94 grams, added to ,end of strain gage arm to reduce natural frequency. 
Let Dix = 
y 
mass of strain gage arm set in motion bit displacing arm from 
equilibrium position, a.nd then releasing; effective mass of 
arm alone. 
mi = Dix + 5, 94 grams , 
Ille = ll1x + 5.94 + 1.59 grams; mi + 1.59 grams. 
Two oscillation curves are measured from the system. One with 
mass IDi, the other with mass Ille. 
From mi curve 
frequency = 29.1 cps; W1 = 2 TT f = 182.4. 
From Ille curve 
frequency = 24.8 cps; W2 = 156. 
') 










- Ille W,a 
= e 
and, 
182.4 111i = 156 111i + 248.14 
llli = 9.42 grams. 
Hence, lllx = 3.48 grams 
/ Effective mass of strain gage arm= 3.48 gr0I!JJ3./ 
From the relation: 
i3 TT 




= 0.979 = e 
-x ~ 





/ S = 11.16 gr0I!JJ3 per sec.; damping coefficient. / 
From the relation:· 
✓ k {11.16): 
182.4 = 9.42 - 4(9.42) 
33,271 = k 124.5 
9.42 - 355 
k = (33,271 + .35) 9.42 
/ k = 313,413 gr0I!JJ3 per sec. / 
Hence = 31~~ 13 = 320 grams will deflect the strain gage arm 1 cm. 
Experimental verification of k: 
End of strain gage arm observed under microscope. Found that 
1 gram added to arm deflects arm 0.0029988 cm. Hence, 334 grams will 
deflect arm 1 cm. 
Difference between calculated and experimental k values = 
334 - 320 
320 = 4 -4%-
y = base line 
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y = base line = 100 
Y, Number of 
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CHAPTER '13 
DETAILED PROCEDURE FOR ANALYSIS OF MUSCLE TWrrCH CURVES, PART I 
This and the following chapter describe the detailed procedure 
for the experimental analysis of a twitch curve. A twitch of a rat heart 
column is used as the illustrative material. 
A. Recording Procedure 
(a) Equilibrate muscle column for 30 minutes; stimulated at 
rate of 6/minu:te; under one gram resting tension; Ringer's solution 
circulating and oxygenated; fluid level just at top of muscle. Measure 
muscle length, width, and length from bottom of muscle to point on or o"-, 
top of strain gage box. 
(b) Record twitch curve at 30 minute mark, from t = O, on 
oscilloscope, with time and base line: 
__ ./i.. _____________________________  
!.stimulus 
(c) Record damping curve, between twitches; displace strain 
gage arm upward and release; record on oscilloscope or recorder, with 
time and base line: 
--------------------------------------------
(d) Determine stiffness coefficient: shu:t off stimulator> 
and with micrometer, displace gage box upward, record on recorder to 
equilibrium; measure new system length, 
------------------------------------------
(e) Remove free portion of muscle, dry and weigh, 
B. Ana.'.cys is Procedure 
(a) M = mass of muscle + effective mass of gage + con-
necting a.rm mass. Consider muscle mass negligible. Strain gage effec-
tive mass 3.48 grams. 




1 +- 1/2 cycle .... 
l, Measure distance y1 in cm. 
2. Measure distance y2 in cm. 
3. Measure t:illle for l/2 cycle in seconds = l/2 f, using 
60 cycle signal; each wave = 1/60 second. 
4. 2 x 1/2 f = fi 1 cps. 
5, Multiply f by 2TT = W. 






7. Fran e -x tables, find value of x so that 
8. R = 2 M w x , gr01DS/second. 
TT 
(c) K = stiffness coefficient, taken from stiffness curve: 
T t:::--------1z 
J.. Mee.sure initial system 1.ength in cm, x1 • 
2. Measure displaced system length in cm, x.a •
3, 6x = x.a -xi, cm. 
4. From calibration chart, measure z in grams • 
5, Multiply Z by 980 to give F, 
6. Then 
K, grams/sec 2 
-a F, grams cm x sec 
= 6x, cm. 
7. Check by substituting w ,M, and R into 
K=M(ufl 
(d) k:;i = second rate constant 
__ .A, _______________________________________ _ 
l. Fran twitch curve, measure three points, convert 
(_.., measurements into cm displacement of system. 
(-', 
\:___;.·· 
2. Measure corresponding times in seconds fran t = o, 
peak of stimulus curve. 
3. CaJ.culate k;i fran: 
,n l 
- C ± /r13 + 4 DE ] 
11:a 
2 D 
= t3 - t:a 
where 
_ Rt1 _ Rts 
C y3e 2M 2M = - Y1e 
_ Rta Rt:a 
D y,ae 2M 
- 2M 
= - y3e 
_ Rt1 Rt:a -N"" 
E Y:ae 
2M 
= - Y1e 
( e) .ti_ = first rate constant 
__ ! _______________________________________ _ 
l. Measure azry point on twitch curve, yn' tn' convert 





2. With Y1 , t 1 , Ya, t 2 fran calculation of ka, calcu-




Y1e -_Y~2~e=---------- + 
+ Rt 1 ) 
2M -(kat1 + ~t~) -(kat2 
e - e 
-(kata + ~t~) -(k2t1 
e - e 
NOI'E: The methods for determining k1 and k2 are unproven 
and perhaps questionable. 
(f) .E&i_ = proportionality constant and initial amount of A 
substance. 
From previous calculations: 
• 
c. Programing of Computer 
Basic equation: 
d
8 y R~ K ~ k1 ( -kit -~t) 




Since k1 > ~, right hand side of the equatiO?p and since 
the right hand side being positive, write basic equation as 
Use this equation for programing. 
Time Scaling 
A muscle contraction requires about 0.2 seconds per twitch, 
or the frequency of the motion is about 5 cps. When recording on a 
Sanborn or scope, this is not too fast so time scaling need not be done. 
Computer amplifier phase shift is rnLcy 0.5° at 1000 cps, so this is not 
limiting either. 
If time scaling is decided upon, it is done as fo11ows: 
The natural. undamped frequency is determined: 
w = ✓ "f, • n M , f = w = ..1:.... i!f 2TT 2TT'VM 
[
If :f = 5 cps, M = 5 grams; 5 = 6~28 ✓~ ] 
K = 4,929.8 grams/sec 2 • 
Suppose Wn = 31.40 radians/sec, and it is decided to slow 
computer solution to 3.14 radians/sec. Here, twitch takes 10 times as 
long to complete, or 2 seconds. Hence, for every time t in equation, 
T replace with lOt = T; t = 10 . 
Thus: 
T 
t = 10' 
Ma.king the substitutions into the equation 
In matching real twitch curves with scaled computer curves, 
if computer solution is slowed 10 times, then oscilloscope sweep rate 
is reduced ten times that used to record actual muscle twitch: 
13,9 
Recorded twitch 
Scope speed: l/sec, 
T Matched computer solution, scaled t = 10 
Scope speed: l/lO sec, 
If' at 
then at 
but if' at 
then at 
likewise 
Nate on initial conditions 
t = 0 y = o, ~ dt = o, 
T = 0 y = o, ~ = o, 
t = o, y = o, ~ dt = 5, 
T = O, y = o, and since 
dd) lO = 100 = ,l ' 
and time scaling: 
da 
~= 0 ' dt 
day 




51'. = lO dy = 5 
dt dT ' 
For problem under discussion, asswne at 




DETAILED PROCEDURE FOR ANALYSIS OF MUSCLE TWITCH CURVES, P.ART II 
A. .Amplitude Scaling 
The magnitude of the equation variables are estimated as 
follows: · (Remember, keep all voltage outputs of amplifiers awey fran 
zero and between± 100 volts.) 
Estimate the magnitude of maximum shortening y directly. 
Example: Maximum tension is found to be 200 mg/mm equilibrium length, 
and the equilibrium length is 10 mm. Hence, maximum tension= 
2 gr0l!IS. If l gram. deflects gage arm .003 cm, then 2 grams = 
.oo6 cm deflection. Therefore ymax = .oo6 cm. 
Estimate magnitude of derivatives from consideration of natural 
undamped frequency: if wn = 30 rarl.ians/sec. 
* = max 30 X y = 0.18 cm/sec. max 
3if X y = 5.4 cm/sec 2 • 
max 
Set l volt = l cm shortening 
l volt = l cm/sec velocity 
l volt = l cm/sec 2 acceleration. 
The maximum outputs of the respective amplifiers should then 
be, after multipfying terms by an arbitrary amount to give output voltages 
in 50 volt range: 
y X (10,000) = 6 X 10- 3 X 10,000 = 60 volts 
max 
@ X (300) a 180 X 10- 3 X 300 a 54 volts 
max 
2 
(-9: !) X (10) = 5,400 X 10- 3 X 10 = 54 volt,s. 
\a.t max 
~ k .., ( -k
2 t -kit) 
Estimate the maximum value of ~• 1 J e - e 
>"'O {k1 - ka) 
as follows: 
This term must be equal to (i.e., the maximum value of the 
term) the maximum value of the left hand side of the basic equation. 
Below is a record of an equation solved by the computer, simul-
taneousfy 
~ da 
recording y, dt, and dt! : 
y = + t 
. 
y = + J, .. 
y = +'I' 
.. t 
( 
Observation of the curves shows that when y = max, l = 0; 
~ da da ~ ~ 
when dt = max, dt~ = O; and wl:en dti = max, dt = 5af. of max, and 




,', for maximum value of left hand side of equation, take 
1~ 1 + 2 dt + 10 Yma.x = total maximum of forcing function. 
max 
This is equal to 5,400 X 10- 3 + 90 X 10- 3 + .6 X 10- 3 
-3 = 5,500 X 10 • 
Let 1 volt= 1 unit of the forcing term, 
The amplifier output should therefore be, multiplying by an 
arbitrary value: 
Now ccnsider the basic equation: 
day R ~ K L k, J ( -kat -k1 t) 
dta + M dt + M Y = P.Ao M{k 1 : ka ) e - e • 
Substituting into the equation the values for the constant 
terms: 
R = 90 
M = 5 
K = 50,000 
k1 = 25 
ka = 24 P.Ao ';;;' 26 
1.4.4 
p.Ac, is determined to be approximatel;y- 26, since the maximum 
value of the entire forcing term is approximateJ.;y-: 
5,400 x 10- 3 + 18 • 90 X 10- 3 + 10,000 • .6 x 10- 3 = 13. 
Hence, 
, 5 P.Ao ;;;' 13, P.Ao ;;;' 26 • 
Substituting these values into the equation gives: 
However, this gives the natural frequency of: 
wn = /10,000 = 100 radians/sec. 
But wn ;;;-30 radians/sec; therefore K is probabJ.;y- too large, 
at first glance. The actual frequency is: 
w = J ~ -~ = 99 radians/sec. 
Therefore, reduce K to 5,000, giving an actual frequency of: 
wA = ✓ 5,~oo - 81 = 30 + radians/sec. 
This will change the value of P.Ao to: 
5,400 X 10- 3 + 18 '90 X 10- 3 + 1 1000 .6 X 10-
3 
;;;' 8 
.5 P.Ao = 8, P.Ao ;;;' 16 . 
The equation becomes: 
day Si 
a+ 18 dt + l,000 y 
dt 
80 ( -24t -25t) = e - e . 
Again, letting l volt= l cm y, l cm/secy, l cm/sec 2 y and 
considering the recamnended multiplication of the variables for adequate 
voltage outputs: 
now be: 
y X (10,000) 
y X (300) 
':f X (10) 
f(t) X (10) 
It becomes apparent that 




10 ~ + 180 dt + 10,000 y 
The maximum voltages expected from the variable terms would 
a 
10 ~ = 10 x 5,400 x 10- 3 = 54 vol.ts 
dt 2 
180 ~ = 180 x 180 x 10- 3 ' = 32,4 volts 
10,000 y = 10,000 x 6 x 10- 3 = 60 volts ' 
800( e - 24t - e - 25t) = 800 X ,l = 80 volts. 
Hence, scaling the equation by a factor of 10 yields acceptable 
outputs for all terms. 
').4.6 
The scaled equation is progrruned for the computer as follows: 
Putting the equation in the form: 
B. Computer Circuit Diagram 
The circuit diagram for the computer setup is: 
1. ' ,o I .. 








Calculation of resistor, capacitor, and potentiometer values 
for circuit diagram follows. 
General Formulae 
(a) Summing amplifier: 
(b) Integrating amplifier: 
.Amplifier l 
Desired Output = - 10 y 
Input = + 10 y 
- 10 y = - f ( f J 10 y dt ) 
= - J 10 y dt = - 10 y 
Amplifier 2 
Desired Output = - 1000 y 
Input = + 100 y 
- 1000 y = - O~l ( f J 100 y dt ) 
= - 1000 y 
Thus: CF = l 
R = l 
Coefficient = 10 
Coefficient = 1000 
Thus: 
R = l 
').4.8 
Amplifier 3, Potentianeter G) 
Desired Output = + 100 e -kit 
Input = + 100 e-kit 
.Amplifier 4, Potentiometer@ 
Min amplifier 3, 
-kat -kat ( a ) 
- 100 e = - 100 e .Ol ka , 
Thus: CF= .Ol, R = l, a= .24 
where k1 = 25 
Coefficient = 100 k1 
Thus: CF = .Ol, 
R = l, 
a = .25 
Let a = .24 
Coefficient= 100 k2 
(,-•\ 
''-.-/ 
.Amplifier 6, Patentianeter G) 1 G) 1 and @ 
+ 180 y 
+ 10,000 y 
Inputs = - 5oo(e-k2t - e-k1t) 
+ 100 y 
+ 1000 y 
Consider above before going through amplifier, hence no sign 
change, and then treat separately. 
16 05 
Coefficient = (10) ~: l k2 ] 
..,.'O M(k1 - ¾) 
a1 = o.16 ~ = 10, R1 = 1. 
18 
H 
® 180 y = 10 ( 8i .ioo -y) Coefficient= (10) ~ 
St = 0.18 ~ = 10, R1 = 1 
1,000 
0) 10,000 y = 10 ( 5l .1000 l_) .5 Coefficient = 10 ( ~ ) 
8o = 0.5 ~ = 10, R1 = .5 
'i4.10 
Considered together: 
Ci desired output=+ 10 y· = 800(e-kat - e-kit) - 180 y - 10,000 y 
+ 10 y 
- IL ( ~ + a,iea + ~ ). 
-'F R1 R2 Ra . 
= _ 10 (- (.16)(5oo)ie-kat - e-kit) + (.18)f100 Y) + (.5)(~~00 y)) 
Amplifier 7 
Desired Output = + 100 y 
Input = - 10 y 
Coefficient= (100) 
+ 100 y = - 10 ( 1 • f- 10 Yl ) = + 100 y ~ = 10 
Amplifier 8 
Desired Output = + 1000 y 
Input = - 1000 y 
Amplifier 9 
Coefficient= 1000 
Desired Output = + 100 (e-kat - e-k1t) 
Inputs= + 100 e-kit + (-100 e-kat) 
Coefficient= (100) 
,.4.11 
1\mplifier 10, Potentiometer @ 
-- - 500 (e-k,at e-k1 t) Desired output 
Input = + 100 (e-k 2 t - e-kit) 
- 5oo(e-k,at - e-k1t) = - l ( (a) 100 (~~k,at - e-k1t)) 
:? 
a= .5 Coefficient = (100) M(ki k: ~) 
Note on Scaling: 
If no scaling, a.nd l volt = l cm y, a.nd 
if output of y amp. = 1,000 y = 6 volts, then 
.oo6 cm. 





{ , __ 
\ 
)..4.12 
In summary, potentiometer equivalences: 
,Actual 
Term Pat. 
Pat. Term Values Setting, a Equivalent 
@ PJ\o 16 .16 81 = • 01 p.11,, ; p.11,, = 100 81 
® R 18 .18 
R R 
M. Ila = 
.01 M; M=1ooaa 
~ 
K K K 
M 1,000 .5 ¾= .0005 M; M ,. 2,000 8ts 
en k1 25 .25 8'7 = .01 k1; k1 = 100 8'7 
@ ~ 24 .24 8e = .01 ~; k2 = 100 Be 
k1 _ 1:_ ki (@ M(~ - k1) 5 .5 810 -l0M(~ - k1 ) ; 
M(~ 
ki 
- k1) = 10 810 
If' a curve is matched by setting· 0) = .35, @ = .26, and 
G) = .21, then p.11,, = 100 • .35 = 35; ~ = 2,000 • .26 = 520 (K = 520 X 5 
= 2600); k1 = 100 • .21 = 21. 
These experimental pat. settings are not read of'f' the dial, 
but nEasured f'rom the ref'erence voltage. 
J..4.1.3 
The fol.lowing is a computer solution of the equation as 
programed, with 60 cycle timing. 
Actual Pot Settings: 
G) = .1.63 ©= .259 
Q) = .1.85 ®= .248 
G) = .525 @)= .558 
CHAPTER 
ANALYSIS OF RESTJNG BEHAVIOR OF MUSCLE; ELECTRICAL CIRCUITS 
In the anacysis of mechanical models set up to describe muscle 
behavior, it is often simplest to construct analogous electrical circuits, 
and to describe their "behavior" through differential equations. Such 
equations are identical to those describing the mechanical models. The 
anacysis of circuits is performed as follows: 
A, General Principles 
l. The voltage drop across a resistor is proportional to the 
current passing through the resistor: 
~ = RI 
The voltage drop across an inductor is proportional to 
the instantaneous t :!me rate of change of the current: 
dI 
Er, = L dt ' 
where L = constant of proportionality or coefficient of inductance, or 
simply inductance. 
The inductance has inertia effects, opposing a change in 
current; this is similar to a mass having inertia effects in mechanics, 
which opposes a change in motion or velocity. 
3, The voltage drop across a capacitor is proportional to 
the instantaneous electric charge on the capacitor: 
= 2. ' C 
where Q is the instantaneous charge, ¾ is the constant of proportiona-
lity of capacitance, or sinlply capacitance. .Also, since 
•. dQ 
I = dt ' 
4. Symbols to be used: 
-H-






5. The algebraic sum of all voltage drops around an electric 
loop or circuit is zero; or, the voltage supplied (emf) to a circuit 
is equal to the sum. of the voltage drops in the circuit. This is Kirch-
hoff's second law. 
6. The algebraic sum. of the currents travelling toward and 
awey from branch points in a circuit is equal to zero. This is Kirch-
hoff's first law. 
7. If I is+ in one direction, it is negative in the opposite 
direction, the direction taken from a point: 
Ia 
8. The potential. drop across an element is + if the an~sis 
proceeds in the same direction as the current flow; - if in the opposite 
direction. 
9. A potential. rise in a circuit, due to a battery or generator, 
is considered to be the negative of a potential. drop: 
Direction of An~sis ~ 
Consider in this an~sis, that there is a potential. drop, 
+ to - , across the battery. Hence, ¾ is taken as +. If the analysis 
were to proceed counterclockwise, from - to+, then¾ would be taken 
as-. 
B. Examples of Analysis 
1. Battery+ Resistor 
EB o~ I 
Analysis = Clockwise 
From A8 and Al: ¾ = + RI = + R ~~ 
From A9: E = - E B B 
R 




- EB + R dt = O; EB = R dt 
2. Battezy-+ Capacitor 
3. Battery + Inductor 
L 
4. Battery + Resistor + Capacitor 
C R 
5. Battery + Resistor + Inductor 
L R 
6. Battery + Resistor + Capacitor + Inductor 
The equation for this circuit is completely analogous to that 
for a damped, oscillatory motion. 
7. Divided circuit: 
E R 
I fr + 
L 
Ii 
In this circuit there are three closed loops, and accordingly, 
three equations for their description. The closed loops are: battery + 
resistor+ inductance; battery+ resistor+ capacitance; inductance+ 
capacitance. 
.Analysing the first loop, clockwise: 
dQ, d2 Q; 
E ,. +E, E_ = -R ~ EL = -L --
B 7! dt ' dta 
Hence: 
In the second loop: 
Hence: 
dQ,1 1 E = R dt + C Q.a 
In the third loop, clockwise again: 
Hence: 





= dt C 




In these three equations, notice that (3) is obtained by 
subtracting (2) from (1). In principle, such divided circuits need 
be analized on],Y for two equations. The third, representing the loop 
without the battery, can alw(Ws be obtained from the other two. 
8. Another divided circuit: 
I, I1 -·Ia 
<[ I:t L 1 C R2 
~ 





dt dt C 
E =Ra~~+ R1 : 1 
d2 Q dP-
0 = -L ~ + R; = 
dta dt 
9. Another divided circuit: 
I1(t 
Li L; 
::;)Ia -,o uu 
1 ra)I l 
C1 T T Ca J Ca 
Ana.l;yzing clockwise, the equations are: 
Li 
d2 Q l + .!. Q1 0 (1) ~ + - Qa = dt 2 C3 C1 
Ls 
d2 Q l l (2) ~-+- Qa - C3 Qa = 0 dtll Ca 
ll d2 Q2 l l Li £Jk. + Ls --+- Qa + - Ql = 0 (3) 
dt 2 dt 2 Ca C1 
These equations can be simplified as follows: 
Since I1 = I 2 + ~, and since Q1 , Q2 , and Qa are the charges 
supplied by the respective currents, I 1 , Ia and~, then 
and 
In equations (1) and (2) above, the term Qa can therefore be 
eliminated: 
a l Li £Jk_ + .!_ ( Q1 -Qa)+- Q1 = 0 (1) 
dt 2 C3 C1 
d2 Qa l 
Ls --+- Qa dt 2 Ca 
l (2) - - (Q1 - Qa) = 0 
C3 
10. A circuit where the generator output is a function of 
time: 




The equation is: 
Here the generator has an 
alternating voltage given 
by A sin Bt. 
A sin Bt. 
The student at this point should be able to ana.l;yse any 






CHAPTER 'J. 6 
ANALYSIS OF RESTING BEHAVIOR OF MUSCLE; MECHANICAL MODELS, PART I 
A, Introductory Qualitative Statement 
An understanding of the physical properties of muscle gives 
considerable insight into its molecular structure. Muscle can be considered 
as a high polymer, and to have the attributes of an instantaneous elastic 
response, a plastic flow, and a delayed elastic response, when subjected 
to a stress. These attributes can be represented by mechanical arrange-
ments of springs, dashpots, etc., and specific models can be constructed 
to represent specific types of behavior of the polymer under stress. This 
section deals with the mathematical analysis of such models. 
An instantaneous elastic response of a polymer to a tensile stress 
can be interpreted as being due to the deformation of the individual molecules, 
such as stretching primary valence bonds, opening of valence angles, or the 
separation of molecular neighbors against intermolecular forces. 
A flow response can be interpreted as the "diffusion" of whole 
polymer molecules to positions of new equilibrium under stress. This is 
true flow which is not recoverable when the stress is removed. 
A retarded elastic response can be interpreted as a change in 
molecular shape, such as the uncurling of molecular chains, or orientation 
of the polymer molecules in relation to the stress field. This response, 
like the instantaneous elastic response, and unlike flow, is completely 
I revers~ble. It is also referred to as the configurational elastic response. 
A polymer therefore ma;y have an instantaneous stress modulus, a 
retarded elastic stress modulus, and a viscosity constant governing the 
rate of flow caused by the stress. Furthermore, a first approximation of 
the configurational elastic response considers it as an exponential relaxa-
tion into an equilibrium deformation. The time necessary for such relaxation 
is called the retardation time. 
B. General Principles Concerning Mechanical Models 
An object subjected to a force is said to be stressed; a stress 
is a force acting on the object. If the object changes shape or size as 
a result of the stress, it is said to be strained. There are tensile and 
shearing components of a stress. Those forced components acting normal to 
the surface being analyzed are the tensile components: 
pure tensile stress, where the object is subjected 
to tension or compression. 
Those forced components acting tangential to the surface being 
analyzed are called shear components: 
pure shear stress, where the object is subjected 
to shear. 
In this section only the analysis of tensile stress will be 
considered. 
a. Characteristics of an instantaneous elastic response. 
If a stress force (S) is applied to an ideal elastic material, 
such as a spring, then the strain (y) on the spring (or the displacement x) 






y = elastic displacement= ~ S where ~ = proportionality 






dx l dS 
dt = G dt 
3..6.4 
b. Characteristics of flow, an ideal Newtonian fluid. 
(1) If a stress (S), is applied to an ideal Newtonian fluid with 
(]} 
"-..Y 
viscosity n (or to a dashpot with damping R), then the strain is a function 
of time as: 
y 
t 
Here y is the flow displacement, and the rate of change of strain 
or displacement is: 
dy, 1 s dx 1 s dt = - dt = n R 
• 
s dy s R dx = n dt = dt 
c. Characteristics of instantaneous elasticity plus flow; 
the Maxwell element. 
If an object has the properties of instantaneous elasticity 






Hence, the rate of change of the total displacement is: 
Consider the special case where such a material above is instanta-
neously stressed to a certain deformation, and then constrained to retain 
this deformation. · In this situation internal flow occurs which relaxes the 
stress. The change of stress with time is given as follows: 
dy 
Since here dt = o, 
= o. 
Solving this equation for S: 
dS G 
dt = - - s Tl 
dS G s= - - dt. Tl 
Integrating: 
ln S = G - - t + c. 
Tl 
Evaluating C: at t = O, S = So, and 
C = lnS 0 , 
Hence: 
G 





G - - t 
Tl 
Therefore, it is seen that the stress relaxes exponentially with 
time. At time=~' then 
S = Sc,e- 1 , or 
1 the stress will have deceyed to - of its original value. By definition, 
e 
the ratio of~ is called the relaxation time for a material, and is symbolized 
by T, so that 
s = 
t ,. 
d. Characteristics of an object Jib.awing a retarded elastic 
response; the Voieyt element. 
If a stress is applied to a material showing a retarded 




Since the displacement for a single spring is y =Gs, and S = Gy 
( ( ) ) 
dy 1 dy 
see a above , and since for a simple dashpot dt = ri S and S = 11 dt' the 
total stress for a Voig~t element is: 
s = ~ 11 dt + Gy. 




dy dZ dU 
Let y = UZ, then dt = U dt + Z dt 
dZ dU G S u-+z-+-UZ=-
dt dt n n 
dZ (dU G,'\ S 
U dt + z ¼ft + 11 U.J = n 
dU G 
Setting dt + 11 U = 0 and solving for U; 
Since y = UZ 
dU 
dt = 
dU = - Q dt u n 
J tu = J-~ dt 
ln U = 







- - t n 
S Gt 
= - e'l'1 + c. 
G 






y = G + Ce 
- - t 
17 
at t = O, y = o, and C 
y = s s G - Ge 
G 




- e 17 ) 
In terms of retardation time = ~ = 'T, 
t 
Y = ! (1 - e - ,' ) . 
Following the removal of the stress, 
dy 
17 dt + Gy = s becomes 
Hence: 
~ = Q y dt 17 
dy 
= Q dt y 17 
ln G + C y = - - t 
17 
s 
= - a 
the original 
dy 
17 dt + Gy = 
expression: 
o. 
at t = O, C = ln Yo, as y = Yo at t = o. 
Thus: 
ln y - ln Yo = 
G 
- - t 
17 
1n(-fo-) = G - - t 17 
y = = 
t 
'1" , or, 
the retarded elastic element relaxes exponentially into its equilibrium 
shape at a rate determined by its retardation time. 
CHAPTER 1 7 
ANALYSIS OF RESTING BEHAVIOR OF MUSCLE; MECHANICAL MODELS PART II 
A. Summary of Basic Elements 
In the last chapter a number of different basic elements were 








dy l dS 
dt = Gi dt 
y = sL 
Gi 
-9:Y = sL dt TJ1 
y = sLt 
TJ1 
-9:Y = sL+L dS 
dt TJ2 Gi dt 





5; Instantaneous+ retarded elastic response: 
6. Retarded elastic response+ flow: 
/ 
I 




~ 1 dS Ls~ - <½ ~ Y] + s !... = dt + dt G1 T)3 
_ Ga t 
1 1 ( - 1 y = s-+s- 1- e Tt2 )+s-t. Gi (½ T)3 
This is sometimes known as model A. 
B. Instantaneous Elastic Response + Flow+ More Than One Retarded 
Elastic Response; i.e., a Distribution of Retardation Times. 
Consider a material exhibiting two or more different mechanisms 
of retarded elasticity, each with a distinct retardation time: 
C 
'73 
dy l dS Ls l dt = Gi dt + '18 
l S ~ (1 -y = s -+ Gi 
y 
¥ • r,.,. r.,_ -----
t 
retarded elastic response~-
y1 and Y8 are s:i11J.ple exponential 
curves, while the total response, 
y, is not exponential in form. 
G:a .:!:_ y] + Ls .:!:_ - G3 l Y] + s .:!:_ 
'18 '73 Tls 1\ 
- G2t ' C - .Qa_ t 
)+ s .:!:_t e T12 ) + S ;3 l - e Tls T14' 
In the model above, the configurational elastic response is ma.de 
up of two exponential curves of different T. The total configurational 
response is described by an intermediate T, and the response is not explicitly 
exponential. This is interpreted as meaning that there are two polymer 
molecules present of different sizes, or that there are kinks or convolutions 
of different sizes, as a local convolution and a long range convolution. 
If the difference between 1"2 and ,-3 is not large, then the above 





Thus the equation for the above model can be written: 
y :, 1 s-+ 
Gi 
In reality, a polymer would probably have a great many elements 
each with a specific retardation time. In other words, there may be a 
continuous distribution of retardation times for the configurational 
elasticity. The corresponding model would have a continuous set of retarded 
elastic elements 1n series. Such a model is called "model C": 
y 
Moo.el C 
, __ -__ ¥, 
_____ .,q ~. ------"I, 
t 
Configuration elasticity for a material 
exhibiting a distribution of retarded 
elastic mechanisms. 
9.J.6 
If for model C, there are n n1.ll1l.ber of retarded elastic elements, 
then the retardatory response is given by the S1.ll11 of then units. 
y = - e 
Thus the retarded deformation is the product of the stress times 
the sum of n retarded elastic terms, from the first term, i = 1 , to the 
last, n. 
If the above eg_uation is expressed in terms of the reciprocal 
moduli, i.e., in terms of compliances, where compliance is the reciprocal 
l 
of the shear or Young's modulus, J = G' then: 
y = ). 
i =l 
If the n1.ll1l.ber of elastic elements becomes very large, i.e., 






Y = s s: J (l - e - T) dT, 
in terms of compliances and retardation times. Here J is a continuous 
function of 'T • 
or, 
{ 
C. Elastic Memory 
If a material possesses elements with different retardation times, 
then it will exhibit the phenomenon of elastic memory. Consider a material 
which has two delayed elastic mechanisms, one with a short retardation time 
and the other with a long retardation time. If such a material is stressed 
for a long time to a deformation 91 , then both retarded mechanisms will 
reach equilibrium. If now the stress is removed, and an "opposite" stress 
is applied deforming the material in the opposite direction, 82 , for a 
brief time, then one mechanism {with the short retardation time) will reach 
equilibrium, but not the other mechanism,.. Releasing the stress at this 
point will result in the material recovering beyond its true equilibrium 
shape, in the direction of the original stress, since the second mechanism 
will still be partially disposed in the direction of the original stress. 
In time, the material will return to its original and true equilibrium 
shape. The phenomenon is called "elastic memory", and can be illustrated 
as follows: 
y 0 
rHeld at 91 and released. 1----
,r Recovery curve showing "elastic memory:' 
t 
Held at 82. 
Most pol;vmers exhibit the elastic memory prenomencn, and show a 
l) continuous distribution of configurational elastic responses. Since the 
deformation is a function of the retardation times, T (or g), and of time 
t, then the equation of deformation of a material showing instantaneous 
elastic response, flow, and retarded elastic response, becomes a partial 
differential equation, i.e., the deformation y is partialJ..y dependent 
upon t and partially upon T, as follows: 
Recall that the equation for a material with flow, instantaneous 
and retarded elastic response was: 
and 
y = 1 1 ( SG:t+S~ 1-e ) .. +sl....t 173 
Now let the instantaneous elastic response be represented by y1 , 
the retarded response by y2 , and the flow response by y3 • Hence, the 
deformation as a function of time is 
Y ( t) = Yi ( t ) + Ys ( t) + Ya ( t) • 
Consider that y2 (t) represents the sum of all the individual 
deformations Y, ... which are a function of their individual retardation times 
and time. Thus 
and 
9,7.9 
y(t) = Y1 (t) + J "'y(r,t) d'f + y3 (t). 
0 
Since 
1 y1 (t) = a s(t) and 1 Ya(t) = S - t(t), Tla 





is evaluated as follows: 
Recall that in model A, the retarded elastic response was governed 
by the equation: 
Tl~+ Gy = S. 
For a continuous distribution of elastic responses, as a function 
of time, 
S becomes S(t) 
1 
G becomes J(,.) 
y becomes Y('T,t) 
or Gy becomes J{ ,-) y( ,-, t) 
).J,10 
and dy &y(r,t) 
dt becomes ot 
and rJ becomes 'f Yf,rJ 
. ri/G 
since ri = m = 'f 'f 1/G = J' 
Hence, the retarded elastic response is now governed by the partial 
differential equation: 
S(t) l -( ) T oy(r,t) 
= Yf,rJ Y -r' t + Yf,rJ ot · 
The solution of this equation yields y(r, t), and the integral 
tenn can be evaluated. 
CHAPTER 
VISCOUS-ELASTIC PROPERTIBS OF MUSCLE 
A. Introduction 
Having discussed the subject of mechanical models and their 
analysis in the last few chapters, it is now possible to turn to muscle 
and consider its viscous and elastic properties. 
The mechanical work done when a muscle shortens against a load 
varies considerably with the load being lifted. It has been shown that 
the work done decreases rapidly as the speed of shortening increases. The 




w = work actually done 
t = time taken for shortening 
W0 and k = constants. 
(18.1) 
Since a small load is lifted more rapidly than a large one, the 
work done decreases with decreasing loads. The relationship between load 
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Load(% of Maximum at Resting-Length) 
Figure 18.l - Relationship Between Load and Velocity of Shortening. 
Such a behavior in muscle is similar in many respects to the 
behavior of a viscous-elastic system. Equation(l8-~ mcy be integrated in 
the sense that, as the result of the contractile process, the viscosity of 
a muscle increases so that the contraction is associated with a considerable 
loss of energy in overcoming internal friction. Thus, in equationQ.8.~, W0 
would be the ideal work to be obtained when no energy was lost by viscous 
resistance, i.e., the maximum work as calculated from a length-tension 
diagram of the muscle. Therefore, if the muscle were a simple elastic 
system, as a spring with a load, then the work obtainable from it 
would be entirely determined by the tension it developed at 
different lengths, and could be calculated from a length-tension 
diagram. 
However, muscle is not a simple spring-like material, or an 
elastic system, but rather a viscous-elastic system. If sudden stretches 
are applied to a tetanized muscle, or if a tetanized muscle is allowed to 
contract suddenly to a shorter length, then changes in tension occur in 
keeping with the concept of a viscous elastic system. These changes are 










Static isometric tension 
at longer length. 
1----'- - - - - - - - - - - - - - - - - -
Static isometric tension 
at shorter length. 
I 
- - - - - - - - - - - - - - - - - - - - - - Zero Tension 
Time•. 
Figure 18.2 - Effects of stretching a muscle at varying 
speeds during a maximum tetanus. 
A. Very slow stretch. 
B. Fairly rapid. 
D. Very rapid. 
c. Intermediate between Band D, 
\ 
The horizontal lines 1 and 2 of the figure indicate the static 
isometric tension developed by the muscle at two different lengths. Curve 
D shows the effect of a sudden stretch to static tension length 1, with 
the tension rising rapidly, but then falling rapidly to rise again slowly 
to a value characteristic of that length. Clearly such behavior is not 
that of a simple spring system. In curve B, a fairly rapid stretch is 
applied to the muscle, and the tension rises above the static isometric 
value and then approaches the latter from above. A slow stretch gives a 
continuous rise in tension to the new level (curve A). Curve C shows an 
effect intermediate between Band D. In the reverse process, a sudden 
release of a tetanized muscle to a shorter length causes the tension to 
fall almost to zero and then to rise again to a value characteristic of 
its new length: Only if the allowed shortening is very slow does the 
tension approach its new value along a straight line. In unstimulated 
muscle these phenomena are not observable. 
Early workers attempted to explain these results by representing 
muscle as a simple damped spring: 
• 
B. The Levin-Hyman Model 
"--- However, it was soon pointed out that a quick release of such a 
system must result in a complete loss of tension, the whole at first being 
taken up by the viscous resistance of the dashpot. Only as the spring 
adopted its new length would the tension rise to the value characteristic 
of the new length. Recall that sudden release of a tetanized muscle 
results in a drop of tension, but not to zero; hence, a simple damped 
spring system is not an adequate concept to explain muscle behavior. 
Accordingly, a new model was devised, known as the Levin-Wyman model, 
illustrated in Figure 18.3. 
7 
Figure 18.3 - The Levin-Wyman Model for Active Muscle, 
This model consists of a damped viscous-elastic spring in series 
with an undamped spring. By inspection if the model is at equilibrium under 
a certain tension and is suddenly released, the top spring will shorten 
first, the lower one being unable to change its length immediately because 
• 
,-8.6 
of the dashpot in parallel. The equilibrium between the two springs will 
(--- ,
1 
thus be disturbed, the top spring shortening too much at first, the bottom 
~ 
one too little; the tension exerted at first will therefore be too small, 
but not zero. The new equilibrium_is approached by the shortening of the 
lower spring and an extension of the upper one. 
If the work done by the models is plotted against their speed of 
contraction or relaxation, then the simple damped spring system give a 
straight line, while the Levin-Wyman model gives an exponential curve. 
Results of experimental studies on muscle on the relationship between work 
and speed of contraction have given curves which fitted well with that 
predicted on the basis of the Levin-Wyman model. Thus, this model explains 
many features of muscle contraction, on the basis of the liberation of 
energy which causes the shortening of a damped spring, which, in order to 
develop tension outside the system, must shorten another undamped spring 
in series with it. 
In terins of muscle structure, shortening of the myofilaments of 
muscle can be looked upon as the shortening of the damped spring in the 
model. The shortening is drunped, due to the viscosity of the medium 
and to molecular friction. The shortening of the fibrils is associated 
with the stretching of connective tissue, a process similar to the stretch-
ing of a metal spring, talcing place with little or no frictional loss, so 
that the elastic energy ma;y be stored as potential energy during shortening. 
The elastic elements of the connective tissue would thus be representative 
of the undamped spring of the model. The free elastic elements can be 
regarded as buffers, protecting the muscle against too sudden changes in 
tension. 
The Levin-Wyman model was accepted by biologists for some time, 
until certain behavioral characteristics of muscle were found to be 
inconsistant with the model. The model envisioned contraction as a primary 
shortening of the damped elements which pulling against the elastic elements, 
stored their contractile energy as potential energy. These elastic elements 
were considered to do the mechanical work by subsequently shortening. On 
this basis then, muscle, when stimulated, would develop a given amount of 
heat, and would have a given amount of potential energy stored in the 
elastic elements. Both of these quantities would vary with the length of 
the fibers of the muscle. The amount of the elastic energy which could be 
recovered as mechanical work would bear no relation to the energy liberated. 
It was shown, however, that the amount of actual energy liberated by a 
muscle (heat plus external work) was not constant for any given initial 
condition of the muscle, but varied with the load, a large load resulting 
in the liberation of more energy than a small load. Therefore, muscle 
varies its output of energy according to the load, a property which is 
inconsistant with the Levin-Wyman model. In other words, according to the 
Levin-Wyman model, muscle would lift a weight by doing work on a spring 
and then allowing the latter to shorten and lift the weight. But according 
to the experimental results, a muscle raises the weight "by a chain and 
windlass" mechanism; each link as it is wound up, requiring extra energy 
at the moment of winding. The phenomena is known as the Fenn effect. 
The Levin-Wyman model subsequently encountered another diffi-
culty, as follows. According to the model, under conditions of isotonic 
contraction, the rate of shortening should vary linearly with the load. 
In an isotonic contraction, the undamped element would be stretched until 
it just began to lift the weight, and after this it would retain a constant 
length and constant force to the end of contraction. For a particular load, 
the speed of contraction would be determined by the viscous elements. The 
same would be true for other loads, so that the speed of contraction should 
vary with the load in a linear fashion, following the equation: 
where 
P = P0 - kv 
P = load or developed tension 
v = velocity of contraction 
Po= isometric tension 
k = a constant 
In point of fact, however, the velocity of shortening does not 
vary with the load in a linear manner, but rather in a non-linear fashion, 
as illustrated in Figure 18.1 and by the following equation: 
p = 
where a is an additional constant. 
Experiments show that with small loads the velocity of contraction 
is high, and as the load increases the velocity falls off, but not as 
rapidly as the Levin-Wyman model would predict. A more realistic model is 
one in which the energy made available for contraction increases as the 
load increases. Such a model can be approximated if the motion of damped 
spring of the Levin-Wyman model were to follow an exponential relationship 
between force arid velocity, rather than a linear one. 
CH APTER ~9 
VISCOUS-ELASTIC PROPERTIES OF MUSCLE, CONTINUED 
A. Activated State 
During a muscle twitch, the elastic elements 8.I'e stretched, and 
for this reason if for no other, the development of tension in muscle 
requires time. Clearly, the tension could be developed more rapidly if 
the muscle were artificially stretched during the contractile process. 
The actual tension which is developed, according to the modified Levin-
Wyman model, depends upon the force of contraction of the damped elements. 
Some estimate of the force generated by these elements during a twitch can 
be obtained by applying stretches to the muscle at different twitch moments. 
The results of such a procedure are shown in Figure 19.1. The solid curves 
of the figure represent the isometric twitch tension at two different 
resting lengths. With the muscle fixed at the shorter length,stretching 
it to the greater length at different moments during the twitch resulted 
in a greater tension than that developed by stimulating the muscle at the 
greater length. The stretches are applied at A, B, and C, with·the tension 
developed becoming smaller and smaller. The results simply show that the 
energy of the twitch is made available sooner than is indicated by the 
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Figure 19.1 - Effect of Stretching a Muscle at Various 
Moments During an Isometric Twitch. 
Refined experiments of this sort show that the onset of the 
"active state" of the contractile machinery occurs very soon after a muscle 
is stimulated. Thus, applying a stretch just after the end of the latent 
period leads to the development of a tension greater than that occuring 
during a tetanic contraction at the stretched length. The results are con-
sistent with the idea that the contractile elements develop their maximal 
power virtually instantaneously, this maximal power being that observed in 
an isometric tetanus at the given length. Schematically, the relationship 
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Time After Stimulus 
Figure 19.2 - Active State in Muscle. 
In the f"igure, P0 represents the maximum tension that the muscle 
can develop, the r.ta.Ximal active state, established almost instantaneously, 
and maintained for a plateau period. After the plateau period the state 
declines along the dotted line indicated by P., which is the tension the 
l 
muscle is capable of manifesting at any given moment .. P n is the tension 
actually recorded from the muscle. Note that mid-wey in the twitch Pn 
becomes greater than Pi. At this point the elastic elements, which have 
been stretched, are now stretching the relaxing shortened contractile 
elements. The figure clearly indicates why tetanus-tension is greater 
-, than twitch tension. 
( "'" 
'"_) 
B. Model-Mv$cle Structure Correlation 
In the last chapter correlation of elements of a model with 
muscle structure was briefly considered. Such a correlation can be further 
developed. 
The series elastic component of muscle is defined operationally 
as that part of the elasticity which appears to be undamped. It has been 
a question of whether this component resides entirely in the tendinous ends 
of the muscle or whether any part of it is located within the microstructure 
of the fibers. From experiments involving microscopic observation of the 
movements of different parts of a frog sartorius muscle in isometric tetanus 
it has been concluded that about half of the series elastic component is 
in the tendon and the rest in the ultimate muscle structure, possibly in 
the Z region of the sarcomeres. In such a preparation, hypertonic solutions 
eliminate stretching of the Z bands and reduce the measured series compliance 
to about half its normal value. 
The parallel elastic component often is assumed to reside entirely 
in the connective tissue sheath of the muscle. In frog sartorius muscle 
there is a nearly exponential rise of tension with extension up to 125% of 
the ;w ~·. length. Beyond this point the tension rises more rapidly. 
Up to 125% of in £lli length, the muscle warms when stretched, showing 
that is has properties of an imperfect rubberlike material. Beyond 125%, 
the muscle cools when stretched like connective tissue or any crystalline 
body. Since the resting tension of frog sartorius muscle at the in~· 
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length is small, these observations would appear to justify the representa-
tion of the parallel elastic component as a separate element of a three 
element model, with only a small elasticity as a property of the contractile 
mechanism. In this sense, then, th~ parallel elastic component mcy be 
treated as a separate element which has the same properties in the resting 
and active states and whose contribution mcy be subtracted in order to 
arrive as a measure of the tension in the contractile component. It is not 
to be presmned hm,ever that the same g_uantitative scheme holds for other 
types of muscles. 
In terms of the sliding chain hypothesis of muscle and modern 
structural detail, plasticity in resting muscle can be attributed to the 
absence of cross-linkages between actin and myosin filaments. Also the 
decline of active isometric tension at lengths greater than. the jn situ 
length, or optimum length, would be related to the smaller degree of over-
lap and small number of cross-linkages which can form. 
If the actin filaments are connected together in the center of 
a sarcomere by a thin elastic filament, the postulated S-filament, in the 
region of the H-band, then it is felt that such a filament has only weak 
elasticity and that it controls passive tension up to 125% of the in vivo 
resting length. Past this point the connective tissue elasticity would 
come into play. The series elastic component of active muscle would be 
made up of the tendon and of the A, I, and Z filaments in series, each con-
tributing to the total, the tendon about half, the A, I, and Z components 
about half. The nod.el should also contain a friction element,± F, which 
reduces the total energy available for tension, and is largely irreversable. 
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Figure 19. 3 - Model of Muscle. 
The mechanical properties of muscle have been represented by models 
consisting of springs and dashpots, arranged in series and in parallel. 
These models facilitate the description of muscle,·. but they offer no basic 
explanation of the events they imitate, and provide no analogy for several 
important properties, such as the correlation of internal viscosity with 
elastic modulus, or the dependence of both on temperature. A different 
approach to muscle, therefore, will be considered now. 
The process of stretching and relaxing a muscle can be thought 
of as an elastic power cycle. Basically, there are only two fundamentally 
different kinds of cycles possible, one involving variations of internal 
energy and the other variation of entropy. The two kinds of cycles are 
referred to as a) poterrcial energy cycles, and b) entropy cycles or heat 
engines. 
C, Potential Energy Cycles 
A potential energy engine can be constructed with any long chain 
polymer in which there are mutually attractive groups disposed at intervals 
along the molecules, the intensity of the attractive force, and hence the 
elastic modulus of the material, being variable. The attraction between 
dipoles of the structure can be varied chemically either by affecting the 
magnitude of their charges or the dielectric constant of the intervening 
medium. When the attractive forces are strong, successive centers will 
approach one another and the chain will fold together and. shorten. To com-
plete the cycle the attractive forces might be decreased and the chains 
pulled straight again. Such a cycle can be represented by an indicator 











Figure 19. 4 - Indicator Diagram for a Potential Energy Cycle. 
If a substance begins at length Lo u.nder a load Y"', and if the 
load is increased to K:i, then the material will extend from A to B. If 
now the elastic modulus of the substance is increased progressively and 
the material allowed to shorten, then with a constant load the length will 
decrease to L2 , from B to C. Reducing the load to Ko, with the modulus of 
elasticity kept constant, the material will shorten to L1 . Reducing the 
elastic modulus so as.to keep the load constant at Ko, extends the material 




A mechanism of this kind for muscle has been suggested by many 
workers. There are, however, two serious objections to viewing muscle as 
performing a potential energy. 
The first concerns the magnitude of the st/rains involved. 
Attractive forces between point charges fall off, as the inverse square, or 
higher power, of the distance between their centers, and H is difficult 
' 
to imagine how such forces can act except aver very small distances. Yet 
muscle can shorten to perhaps one third to two thirds of its resting length. 
To account for such large strains the existence of some new kind of long 
range attraction must be supposed, which is possible but 1mlikely, or a 
mechanical system to magnify the motions of the contractile substance must 
be provided. For example, Szent Gyorgyi suggests that the micelles of 
m;rosin (which shortens in his theory), are closely attached throughout their 
length to ribbon-shaped aggregates of (a non-contractile substance) actin. 
1'/hen the m;rosin contracts, the composite strip, actomyosin, would magnify 
the movement in the same wey as a bimetallic strip magnifies the thermal 
expansion of a metal. Modern structural detail of the m;rofibrils, however, 
render this view somewhat doubtful. 
The second difficulty concerns the direction in which the forces 
act. If an increase in attractive forces is to cause longitudinal contrac-
tion, successive centers along the same chain must approach one another 
without too much lateral approximation of neighboring chains. Intermolecular 
forces are not directional, so that to ensure this effect a very regular 
structure would be required of muscle. Unfortunately, the optical proper-
ties and x-ray diffraction patterns of contracted muscle do not suggest 
the necessary regularity. 
In the next chapter the second type of elastic power cycle, the 
entropy cycle, will be discussed. 
CHAPTER 
~/ VISCOUS ELASTIC PROPERTIES OF MUSCLE; CONCLUDED 
L 
A. Entropy Cycles; Heat Engines 
An engine operated by thermal or kinetic energy can be con-
structed from any material in which tension at constant length is. increased 
by a rise in temperature. For example, a simple heat engine can be made 
by suspending a weight from a strip of lightly vulcanized rubber hanging 
between two electric heaters. If the load and the intensity of the radia-
tion are controlled, and if the rubber is fitted with a removable insulating 
jacket, the system can be taken around a reversible cycle analogous to 
Carnot's cycle, and in Figure 20.1. 
Load 
Length 
Figure 20.1 - Indicator Diagram for a Kinetic Energy or Entropy Cycle. 
StartinG with the rubber at a temperature T0 , under a load Ki at 
\._·. , A of the figure, the insulating jacket is put on and the load increased 
adiabatically until the temperature rises to Ti at B. [The adiabatic process 
is one in which the system (rubber) is insulated from its environment; in 
which the system neither gains nor loses heat frcm its environment.] The 
insulating jacket is then removed and the heaters switched on; the load is 
decreased until the rubber has shortened to a point C, sufficient heat being 
supplied to keep the temperature of the rubber constant at Ti. At C the 
heaters are switched off, and the insulating jacket replaced, the load is 
decreased to Ko, and the rubber allowed to shorten adiabatically until the 
temperature has fallen to T0 again. The insulating jacket is then removed, 
and the load gradually increased to its original value Ki, the operation 
being carried out so slowly that the heat produced is radiated awey and the 
temperature remains constant at T0 • 
Such a cycle can be performed on any material in which the tension/ 
length adiabatics are steeper than the isothermals; that is, in which the 
thermal coefficient of tension at constant length, ®)e, is positive. The 
amount of work done per cycle depends, other things being e4ual, on the 
heat capacity of the working substance. For an imperfect rubber-like material, 
the tension at any length may be increased as well by a decrease in the 
attractive forces between molecules as by a rise in temperature. The strength 
of intermolecular cohesion can be controlled chemically by the addition of 
placticizers. These beccme adsorbed by their polar groups .onto charged 
groups in the polymer, thereby concentrating the field of force of the 
charge within a smaller radius, and also by their bulk preventing a close 
approach of the chains. For strongly solvated polymer_s, as for example 
proteins swollen in water, the amount of bound solvent will also affect 
the mean tension in the chains, an increase in the bound solvent tending 
to increase the thermal energy of the chains and to decrease their 
cohesion. Ions which affect the swelling of a fibre mey therefore be 
expected to affect its elastic properties as well. 
By varying the concentration of plasticizer or by changing the 
species of ion present, a simple chemical engine can be made. Plasticizer 
is added or removed where heat is added or removed in the heat engine; along 
the adiabatics no plasticizer is allowed to enter or escape from the system, 
and the isothermals beca:ne plasticizer isobars along which the vapor 
pressure or concentration of the plasticizer is kept constant. Such a 
chemical engine can be constructed with any material in which the tension 
at constant length is increased by the addition of the plasticizer, i.e., 
1 ( o K ) i ·t. as ong as\: o[P] ..Ir, s posi ive. 
B. Dynamic Modulus 
To gain understanding about the nature of muscle, it is necessary 
to decide whether muscle properties resemble more of an entropy cycle or a 
potential cycle. This is done by subjecting muscle, or any material under 
investigation, to a tension of rhythmically varying intensity and recording 
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the resulting deformations. If the frequency is varied over a wide range, 
both the elastic modulus and the internal and true viscosities can be 
deduced. 
If a material is subjected to a fluctuating load, then the ampli-
tude of the resulting deformation will decrease with incree£ing frequency. 
The apparent modulus of elasticity as deduced from the amplitude of the 
response in such experiments is called the dynamic modulus. At low 
frequencies it approximates the modulus as measured in static experiments, 
and at high frequencies it increases to a maximum which approaches the 
range of values typical of normal solids. The relation between frequency 
and dynamic modulus is not linear, and the range of frequencies confined 
to an increase in dynamic modulus is called the critical range of frequen-
cies. 
A fall in temperature or an increase in the intensity of inter-
molecular cohesion will shift the critical range toward lower frequencies, 
since both changes tend to increase the internal viscosity. At frequencies 
below the critical range, where the material is behaving as a rubbery solid, 
either of these influences will tend to decrease the dynamic modulus, because 
of their effect in decreasing the static modulus. At frequencies above the 
critical range, when the material is behaving as a normal solid, their 
effect will be negligible, It becomes possible therefore to find out 
whether intermolecular forces have increased or decreased by comparing the 
relation between frequency and dynamic modulus at two stages in a cycle. 






Figure 20.2 - Variations of Dynamic Modulus with Frequency. 
• 
Suppose tnat Curve R of Figure 20.2 applies to muscle before it 
contracts; .if contraction is due to an increase in intermolecular forces, 
the critical frequency should be reduced as in Curve I, but if it is due 
to a decrease, the critical frequency should be increased as in Curve II. 
At frequencies within the critical range, as at A in the figure, the 
dynamic modulus should be increased on contraction in a potential cycle 
and decreased in a kinetic cycle. In experiments with tendons, the dynamic 
modulus decreases as the tendon shorten~ showing that contraction is due to 
a decrease rather than an increase in the strength of intermolecular forces. 
Experiments on hair sh01< the same results. In muscle, the dynamic modulus 
of both the resting and active state at any frequency decreases with in-
creasing tension. Also, the dynamic modulus of active muscle is slightly 
greater than that of resting muscle at all frequencies. Sample curves are 
shmm in Figure 20. 3. The results are interpreted as follmrn: 
1.o.6 
In its simplest form, tte potential hypothesis would lead 
to expect an increase in <fynamic modulus at all frequencies when a muscle 
contracts; it can only be adapted to explain a decrease by making the 
hypothesis more complex. For example, a decrease in dynamic modulus on 
stimulation could be explained if all the load were taken by a relatively 
inextensible sarcolemma or by connective tissue in the resting muscle, 
and only was borne by the contractile mechanism when the muscle shortened. 
This suggestion however is questionable. 
£"Active Muscle 
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Figure 20.3 - Variations of Dynamic Modulus of Muscle. 
The kinetic hypothesis seems to offer a simpler explanation. A 
decrease in viscosity on stimulation, and the variation of <fynamic modulus 
with frequency are both as expected. T.he reversible increase in <fynamic 
modulus with increasing tension in both active and resting muscle is typical 
of rubbeymaterials. The only detail not immediately accounted for is the 
increase in dynamic modulus at frequencies above the criticaJ. range (note 
tail end of curves of Figure 20.3). The change is smaJ.l compared with the 
decrease observable within the criticaJ. range, and probably reflects changes 
in the muscle proteins. At frequencies above the critical range the rota-
tion and uncurling of chains is largely suppressed, and extension is due 
to stretching of the chains themselves, so that changes in the dynamic 
modulus must be a consequence of changes in the stiffness of the chains 
rather than of differences in the forces between them. If plasticizer 
molecules become attached to severaJ. consecutive polar groups aJ.ong the 
protein molecules, it seems reasonable to suppose that they mey reinforce 
the chains and make them less extensible. 
C. Kinetic Hypothesis for Contraction 
According to the kinetic hypothesis, then, the sequence of events 
with stimulation of a muscle would be as follows. At rest the proteins are 
in a partiaJ.ly cr;rstalline condition, aJ.igned parallel to the long axis of 
the muscle. Even in the non-crystaJ.line parts, intermolecular attractions 
are strong, so that no tension is exerted, and the dynamic modulus is high. 
Stimulation of the muscle causes the liberation of a plasticizer, presumably 
ATP, which is strongly adsorbed on to the proteins and reduces the attrac-
tive forces between chains; as the strength of intermolecular attractions 
decreases, the tension increases. The dynamic modulus at frequencies near 
the criticaJ. range of resting muscle decreases as the criticaJ. range shifts 
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toward higher frequencies. Almost immediately after being adsorbed on to 
the proteins ATP is decomposed by the proteins themselves into products 
which are no longer capable of remaining adsorbed or of acting as plasti-
cizers. When a muscle is in a state of sustained activity, ATP is con-
tinuously resynthesized so that the concentration of adsorbed ATP is 
maintained. When the stimulus ceases, the ATP present is bound in some 
manner. 
The immediate source of energy for contraction according to this 
cycle is an increase in the entropy of the protein chains. In a complete 
cycle the ultimate source of energy is a decrease in the chemical (potential) 
energy of the ATP. 
Most muscles possea:; some power of regaining their resting length, 
without any applied load, although the extent to which this occurs is very 
slight. If this power is due to crystallization, it must involve seed, 
crystals in the form of crystalline micelles or active surfaces which have 
survived the process of contraction. If not opposed by any load, contrac-
tion may go so far that all the seed crystals are melted, and relaxation 
becomes im;possible unless the muscle is stretched. Such, perhaps, is an 
explanation for the delta state of muscle. 
D. Latency Relaxation and Plasticizer Concentration 
The phenomena of latency relaxation in muscle is also explained 
by the entrophy cycle. (The fall in tension a.mounts to about 1/1,00oth 
of the full isometric tension.) Experiments with tendon show a similar 
relaxation effect, apparently due to the effect of a low concentration of 
plasticizer in lowering the internal viscosity. A tendon or a muscle loaded 
with a small weight during rest will elongate very slowly. As the concen-
tration of plasticizer increase,, the rate of elongation will increase, 
until the concentration reaches a point at which the equilibrium load is 
greater than the applied load, when contraction begins. In muscle, the 




STRESS RELAXATION I  MUSCLE; AN EXAMPLE OF AN ANALYSIS OF VISCOUS-ELASTIC 
PROPERTIES 
The decey of tension in nruscle after it has been stretched and 
held at a constant length is called stress relaxation. The purpose of this 
chapter is to analyze stress relaxation curves of muscle under conditions 
where only contractile and series elastic components are involved; conditions 
where the final tension is zero or near zero. 
A muscle is shortened by stimulation to a point well below the 
length where maximum isometric tension is developed, to a length where 
resting tension is zero. If the muscle is now stretched slightly, tension 
suddenly develops but soon deceys to zero, providing the new stretched 
length is still well below the optinrum length for tension, or where normally 
rest tension would still be zero. 
The fall of tension following stretch is at first rapid, but then 
slow, and the tension decey can be expressed as the sum of two exponential 
curves. A typical decey curve, with tension on a logaritbmic scale, is 
shown in Figure 21.1. 
An analysis of the time course of the decey into two exponential 
components is given in Figure 21.2. The slow component is obtained from 
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Figure 21.1 - Tension Decay Curve of Muscle Following Stretch. 
to zero time. These tension vaJ.ues are then subtracted from those in the 
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Figure 2l.2 - .AnaJ.ysis of Tension Decay Curve into Two Exponential Components. 
Since the points are on straight lines, both the fast and slow 
components of the total curve are exponential with time, and can be charac-
terized by the time ta.ken for the tension to fall to half-value. 
It might be supposed that varying the speed at which the muscle 
is stretched would alter the time course of the decey curve. However, such 
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Figure 2l.3 - Effect of Changing the Stretch Speed on Tension Decey 
Curves. 0 = Fast Stretch; + = Slow Stretch; ~ = Slower 
Stretch; 6 = Slowest Stretch. 
There is no obvious relation between speed of stretch and time 
course of tension decey. The curves of Figure 2l.3 represent fifteen fold 
changes in speed, with only minor differences in the dec~y curves. In 
addition, changes in temperature have a negligible effect on the charac-
teristics of the decey curve. 
I 
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In any particular muscle, the half-times of the fast and slow 
component of the curve are very different. If such times are compared 
over a range of different kinds of muscle, then a relation emerges between 
the curves and the maximum speed at which a muscle can shorten during 
tetanic stimulation; i.e., the quicker the muscle can shorten the faster 
is its deca;y rate for stress-relaxation. The relation holds for both the 
fast and slow components of the deca;y curve. Figure 21.4 illustrates the 
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Figure 2l.4 - Half~times of Slow-deca;y Com;ponents of Stress Relaxation 
l 
Plotted Against Maximum Speeds of Shortening. 
1.6 
From the characteristics of the decey curves it i.s possible to 
derive a model which imitates the properties of resting muscle. For example, 
a stress relaxation curve containing two exponential components will be 
given by the stress relaxation of two Maxwell elements in parallel, as 
shown in Figure 21.5. 
Figure 21.5 - Stress Relaxation Model 
The tension or stress at any time t during the relaxation will 
be given by 
s = 
Here, as before, y = displacement, Gi & G~ are the spring elasti-
cities, and Tb. & f12 are the viscosities of the dashpots. 
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Note the absence in the model of parallel elastic elements. 
Since the decay curves were obtained at length where no resting tension 
is exhibited, it is justified to eliminate the known parallel elastic 
components from consideration. Also note that according to the model and 
its mathematical description, the springs obey Hooke's law, i.e., the 
' elasticity is linear. In muscle, it is well known that the elasticity is 
not linear over the wide range where resting tension is produced by parallel 
elastic components. However, it has been shown that belaw length where 
resting tension occurs, the tension-extension relation for the series 
elastic component is for all practical purposes linear, and Hooke's law 
requirement is therefore satisfied. 
The model also requires Newtonian viscosity. The fact that 
temperature changes have a small effect on the tension deca;y following 
stretch shows that resting muscle does not really possess simple, normal 
viscosity characteristics. The deca;y must somehow be related to molecular 
rearrangement within the resting contractile components as a result of 
flow under stress. Nevertheless, the viscous flow of muscle is closely 
imitated by the mod.el. 
CHAPTER J2 
HEAT PRODUCTION IN MUSCLE 
The relationship between the amount of work done by a muscle and 
the heat it produces during contraction is intimately related to the basic 
underlying mechanisms by which the rell chemical potential energy is trans-
formed into mechanical work. The purpose of this and several following 
chapters is to examine this relationship. 




the resting heat, which is associated with the resting 
metabolism of muscle; 
the initial heat, which is produced during the actual 
contraction and relaxation of muscle, and 
3. the recovery heat, liberated for many minutes following 
the cessation of activity or contraction. 
A. Resting Heat 
The resting heat of muscle is due primarily to the oxidation of 
carbohydrates. In frog sartorius muscle the heat liberated by the oxidative 
processes amounts to about 2Xl◊-4 calories per gram of tissue per minute, 
and represents the rate of metabolism needed for the "static" processes of 
cellular nutrition and maintenance. Such processes are lJ.nked in some 
unknown manner to the physical state of the muscle, since stretching a 
resting muscle increased by several-fold both the heat production and 
oxygen consumption. Some aspects of resting heat producti.on were discussed 
in Chapter 5 . 
B. Initial Heat 
The initial heat is composed of the activation and maintenance 
heat, (although causally both the activation and maintenance heat are iden-
tical), the shortening heat and the relaxation heat. 
a. Activation and maintenance heat. 
(;:· Activation and maintenance le at are correlated with the 
~-";~ f ·,.,.j 
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presence of the "active state", and represent the net thermal effect of 
the chemical processes which are responsible for muscle activity. In a 
twitch response, the activation heat begins sharply at the same time the 
mechanical state of muscle occurs, rises immediately to its maximum rate, 
then falls awa:y as the active state begins to deca:y. In a tetanic response, 
the repetitive stimulation prolongs the active state and the activation 
heat is correspondingly prolonged. 
The correlation between the active state and activation heat 
is not perfect, however, since the heat rate does fall off somewhat with 
time during a tetanic contraction, even though the active state (as measured 
by mechanical criteria) does not change. The activation heat also varies 
I 
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with muscle length in a tetanus, but not in a twitch. From the viewpoint 
of muscle efficiency, the activation heat represents eneri;y wasted, since 
the heat is produced whether work is done by the muscle or not . It has 
been said that it is the price that_must be paid to hold the contractile 
mechanism in readiness. 
b. Shortening heat 
If shortening of the muscle is allowed to take place during acti-
vity, then an amount of heat is produced above the activation heat. This 
"excess" heat is knmm as shortening heat. The amount of shortening heat 
that is produced is proportional to the degree of shorten:ing. The phenomena 
is illustrated by Figure 22.1, where in A, the muscle is activated but not 
allowed to shorten (isometric c-ontraction), and in B, C, and D, increasing 
amounts of shortening are permitted, with increasing amounts of heat being 
produced. 
Hence, extra heat is produced by muscle during shortening, and 
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Figure 22.1 - Shortening heat production by muscle. A= isometric contraction, 




The amount of shortening heat, although related to the degree of 
shortening of the muscle, is not related to the work done by the muscle. 
Thus, if a muscle is allowed to shorten identical distances lifting 
different loads, the amount of shortening heat will not vary. A constant 
of proportionality, athermal' has been defined as the amount of shortening 
heat per centimeter of muscle shortening, The independence of shortening 
heat and force on a muscle is shown in Figure 22,2, 
0 
0 Time .. 
Figure 22,2 - Independence of shortening heat and muscle work. A= isometric 
contraction; B, C, D, and E, varying amounts of weights lifted 
by muscle to constant distance. The weights vary from 2 grams 
to 30 grams. 
c. Relaxation heat 
During relaxation of muscle, an additional amount of heat is 
liberated, and comprises the last portion of the initial heat category. 
This heat is not the result of active processes, but represents the degrada-
tion into heat of the mechanical energy which had been generated during 
contraction, and stored either in a lifted load or in a stretched elastic 
element. If the stored energy can be prevented from being returned to the 
muscle, then no relaxation heat appears. 
d. Lengthening heat 
Another type of heat production in muscle, which might be 
placed in the initial heat category, is that induced by actively stretching 
a muscle stimulated to contract. Contrary to expectations, perhaps, the 
work so done on the muscle does not appear as heat either during activity 
or during subsequent relaxation. Hence, work is absorped by active muscle. 
However, if the lengthening force on muscle is too great, then "irreversible 
lengthening" of the muscle is produced, and the applied mechanical work is 
degraded into heat. This latter effect is also seen if the force is applied 
to relaxing muscle, where the work on the muscle is converted quantitatively 
into heat. This is similar to stretching resting muscle, except that in 
resting muscle the amount of heat produced by stretching is actually greater 
than the amount of work done on the muscle. 
The term "irreversible lengthening" is a misnomer, since no 
harm is done to the muscle in this operation. In the "reversible" range, 
j.2.6 
the heat production is actually less during isotonic lengthening (hanging 
a constant weight on the muscle to cause lengthening) than during isometric 
contraction at the same stretched length, in spite of the i'act that a large 
amount of work is being done on the muscle by stretching, Also, the heat 
deficit produced is proportional to the amount of lengthening that has 
taken place. It has been considered that there is accordingly a negative 
heat of lengthening corresponding to the positive heat of shortening. 
Experimentation has shown however that the constant of proportionality, 
ath 1 for lengthening is some six times as great as the value for the erma , -
constant for shortening. It has also been considered that work done on a 
muscle, like that done EZ a muscle, is without effect on muscle heat except 
indirectly through the occurrence of length changes. With these concepts, 
activation and shortening (or lengthening) heats would reflect independent 
processes in the muscle. However, experimentation does not substantiate 
such a simple picture. The rate of production of shortening heat can be 
made to vary over a wide range without effecting the activation heat, but 
the same cannot be done for the lengthening heat. 
C. Recovery Heat 
Like resting heat production in muscle, the last heat category, 
recovery heat, is due to the oxidation of carbohydrate material. Such 
oxidation does not occur to any great extent during the actual period of 
activity, but rather follows activity at a comparatively slow rate, 
resynthesizing stores of organic phosphate which have been hydrolyzed 
during activity. As would be expected, the total amount of' recovery heat 
produced by a muscle following activity is approximately equal to its total 
work production plus initial heat. For a fixed duration of stimulation 
more recovery heat will be produced if the muscle is allowed to shorten 
and do work than if it is made to contract isometrically. Beginning 
immediately after cessation of activity, there occurs aphasic (one minute 
or less in duration) absorption of heat, thought to be due to an endothermic 
resynthesis of ATP, The rate of oxygen consumption during the recovery 
period follows closely the rate of recovery heat production, and are both 
altered in the same manner by chemical agents or pH changes. 
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CHAPTER !3 
HEJ\T PRODUCTION IN MUSCLE;. HILL'S EQ,UATION 
From the foregoing chapter,. it is clear that when stimulated 
muscle is allowed to shorten and do work, the extra energy produced, above 
the isometric state, is composed of two factions, work and shortening heat. 
The work portion is equal to the load (P) lifted by the muscle (or force 
on the muscle), times the distance (x) the load is lifted; work= Px. 
The distance x, is, of course, equal to the distance the muscle shortens. 
The shortening heat, it will be recalled, is proportional to the distance 
the muscle shortens with the proportionality constant given as a thermal, 
or simply as "a". The amount of shortening heat, then, is ax. The total 
extra energy produced by shortening is therefore 
Px + ax = (P + a)x. (23.1) 
Since this expression represents the total extra energy, the 
derivative of the expression with respect to time represents the rate of 
production of the extra energy of shortening: 
(P +a)~: or (P + a)v. (23.2) 
A. V. Hill has shown that if (P + a)v is plotted against various 
forces on the muscle, i.e., various loads lifted by the mllscle, then there 
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Figure 23.1 - Relationship between muscle load (P) and (P + a)v. 
As shown by the figure, the greater the load, the less the rate 
of liberation of the extra energy of shortening. The line cuts the load 
or force axis at a value equal to the isometric tension. Hence the line 
can be characterized by the equation 
(P + a)v = (P0 - P)b, (23.3) 
where P
0 
= isometric tension, and bis a constant. Since the only variables 
of this equation are v and P, the velocity of shortening can be expressed 
as a function of the force of contraction or load. If equation (23,3) is 
rearranged as follows, the relationship is seen to be a rectangular hyper-
bola. 
Write (23,3) as 




(P + a)v + Pb = P0 b. (23.5) 
Add the quantity ab to each side of (23.5): 
(P + a)v +Pb+ ab = P0 b + ab. (23.6) 
Write (23.6) as 
(P + a)(v + b) = (P0 + a)b = constant. (23.7) 
It is easily seen that (23.7) is the equation of a rectangular 
hyperbola, with P and v as the variables. Experimental force-velocity 
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Figure 23.2 - Force-velocity Curve of Muscle. 
L 
Eg_uations (23.3) and (23.7) are familiar fonns of Hill's 
"classical" muscle eg_uation. It has been sh01m that the same value for 
the constant a may be obtained either from force-velocity curves as in 
Figure 23. 2 or from a plot of shortening heat versus distance of muscle 
shortening, as in Figure 23.3. 
T 
... 
Distance of Shortening (x) 
Figure 23. 3 - Relation between distance of shortening and shortening 
heat produced, which may be used to the constant "a" 
from S.H. = ax. 
With the use of Hill's eg_uation, it is possible to describe the 
behavior of a contracting muscle under many specific mechanical conditions. 
For example, the time-course of tension rise in an isometric contraction 
can be explained as that of a contractile component (with the velocity of 
shortening of the component related to the load as in Hill's eg_uation) 
pulling against an elastic element in series with it. At the beginning 
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the tension on the contractile component is small, and the component conse-
quently shortens rapidly. As the elastic element is then stretched by the 
component, the tension rises, and the rate of shortening becomes less and 
less, with the tension rising at a progressively declining rate. 
It is also possible to predict, using the equat:lon, the behavior 
of muscle pulling against a Levin-Wyman lever, an inertia wheel, a combina-
tion of force and inertia, a non-linear compliance, or a combination of 
force, compliance and inertia. These predictions are facilitated by using 
an analogue circuit in which the mmcle is represented by a non-linear 
resistance such as a rectifier, with mass as inductance, compliance as 
capacitance, and force as voltage. 
The relationship between Hill's equation and isometric length-
tension curves is as follows. 
The isometric tension developed by a muscle is, of course, depen-
dent upon the length at which the muscle is stimulated. Hill's equation is 
applied only to a region of the length-tension curve where the tension is 
maximum, i.e., where the variations of Po with length are slight. This is 
a necessary requisite since P0 in the equation appears as a maximum. Also, 
the value of v predicted by the equation for a length-tension curve, would 
be the initial velocity, before shortening of the contractile components is 
slowed by stretching of the elastic components. However, it is possible to 
adjust the value of P0 so that at every instantaneous length L, P0 is given 
the appropriate value (P0 )L taken from length-tension curves. If this is 
done, then Hill's eg_uation can be shown to apply throughout the full extent 
of shortening, the eg_uation being modified as follows: 
(23 .8) 
where v1 is the instantaneous velocity at length L. Up to the present this 
eg_uation has been shown to apply only in the region of the length-tension 
curves below resting .:in Yivo length. 
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CHAPTER j4 
THEORIES OF MUSCLE CONTRACTION; INTRODUCTION 
For the purpose of enhancing and perhaps maintaining interest in 
this.book, two hypothetical schemes for contraction were outlined in Chapter 
4. The remainder of the book will now be devoted to a much more detailed 
examination of theories for contraction. The purpose of this chapter is to 
present an overall picture of the general topic, and to refreshen the 
readers mind of some of the related material which has already been presented. 
Keep in mind that, although certain current theories seem impressive, a 
successful theory of contraction must be able to bring together the known 
static and dynamic structure of muscle, the magnitude and time course of 
mechanical events, and heat production phenomena and the chemical energetics. 
Such a theory has yet to be developed. 
A, Mechanical Models and Viscoelastic Theory 
Some of the earliest types of theories to be developed were based 
on viscoelastic mechanical models, many of the models mimicking the visco-
elastic properties of skeletal muscle. One of the most extensive analys;i1 
of this type has been carried out by Buchthal and Kaiser. In general, 
isotonic contraction is described by a series of Voigt elements. Recall 
that a Voigt element is a spring, representing elasticity, in parallel with 
a dashpot, representing viscosity. Isometric contraction is described by 
a series of Maxwell elements in parallel. Again recall that each Maxwell 
element is a spring in series with a viscosity. In such a series of 
parallel Maxwell elements, one of the parallel elements must be a spring 
without a dashpot, otherwise the model would exhibit continuous flow. 
Basically, an elastic element is places in series with a set of parallel 
elastic and viscous elements, which are in turn, placed in series with the 
contractile mechanism. The series elastic component includes structures 
such as tendon and external recording device attachments, attachments of 
the I band myofilements to the Z line, and connections between I band myo-
filaments. Parallel elastic components include mainly the sarcolemma. 
Viscous elements are shared by all of these structures and by the sarcoplasm. 
The nnin objection to these mechanical models is that is is difficult to 
describe actual molecular mechanics in contraction, and that, as thus far 
developed, have not been sufficiently extensive so as to have a necessary 
degree of uniqueness. 
B. Folding Contractile Protein Theories 
Following the demonstration that actomyosin threads could be ma.de 
to shorten in a test tube, theories based on the folding of the contractile 
proteins were constructed. The central idea of these theories was based on 
the known behavior of certain polyelectrolytes, which can be made to shorten 
and develop tension l;y changing their charge density. For example, at any 




The equilibrium length is that length at which the electrostatic forces 
tending to repel segments of the protein and thus elongate it, are exactly 
opposed by entropic forces tending to fold the protein and so shorten it. 
Shortening of the protein occurs when the entropic ( thermokinetic) forces 
exceed the electrostatic forces. In muscle studies, it has been found that 
during shortening of the contractile proteins, the entropy of the fibers 
increases. As was pointed out in an earlier chapter, one folding chain 
theory, that of Morales and associates, assumes that it is the binding of 
ATP by nzy-osin that reduces the electrostatic charge density on the nzy-osin 
molecule and consequently brings about shortening. The hydrolysis of ATP 
would take place after the contractile protein achieved the shortened form. 
The folding chain theories in general are logical and intellectually 
satisfying, tending to explain in a rather complete wey a possible mechanism 
for contraction and relaxation. The recent morphological evidence, however, 
showing that it is unlikely that nzy-osin actually folds or shortens in con-
traction, has cast considerable doubt upon these theories, and they have 
largely been replaced by the sliding chain or "interdigitation" theories. 
c. Sliding Chain Theories 
It has nw been rather conclusively shown by electron microscopy, 
that the length of the broad nzy-ofilaments in the A band (nzy-osin) is constant 
and independent of stretch or contraction. (It should be mentioned that 
some investigators feel that the structures observed in the A band may 
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contain only about 6Cf'/o nvosin, and 4Cf'j. other protein substance. Therefore 
it is still possible that the myosin portion does fold or shorten during 
contraction, with a corresponding lengthening of the other protein material 
present.) If it is assumed that myosin does not shorten, then it is a neces-
sary consequence that as a fiber shortens, the myofilaments in the I band 
(act in) slide further into the A band between the myosin f:llaments. In so 
doing the Z lines, which are attached to the sarcolennna and I band filaments, 
are pulled toward the A band. That such is the case is seemingly verified 
by the electron microscope studies. There also appears to be little or no 
shortening of the I band filaments with shortening of the sarcomere up to 
3Cf'/,,. With further shortening there occurs a buckling i;,r folding of the I 
band filaments in the center of the A band; i.e., in the H band region at 
rest. 
According to sliding model theories, the force for sliding is 
developed by the interposition of the actin and myosin filaments. Hence, 
if shortening or tension is to occur, then such interposition must be present. 
Recently, investigators have reported that if a muscle fiber is stretched 
to a length where the I filaments are pulled completely out of the A band, 
then electrical stimulation fails to produce shortening, in accordance 
with the theory. 
In order to explain the nature of the force presumably generated 
between the filaments, theories have been developed using electrical models 
as analogies. For example, one such theory considers a fixed condenser 
{representing one tYJ?e of filament) with a movable, uncharged, rodlike 
mass (representing the other type of filament) positioned between the 
plates of the condenser. When the condenser is charged, the mass advances 
between the plates to a position of. minimum energy. This occurs because 
the electric field at the ends of the condenser is curved so that the 
forces on the maGS are ncrt synnnetrically distributed over its long axis. 
A modification of this theory is as follows. Again consider two 
parallel plates !l,lld an uncharged rodlike mass positioned in the middle. If 
the plates are equally charged with the same sign and intensity, then the 
mass will by induction take on the opposite charge and will advance further 
between the plates. 
Such theories, however, are quite inadequate in explaining muscle 
behavior. Heat evolution would be simply frictional heat, and the role of 
the chemical events known to take place in contraction is ncrt evaluated. 
One recent theory, that of A, F, Huxley, suggests that there might 
be a spacial organization of chemically active sites along the myosin and 
actin filaments, and that these sites might interact as they interdigitate 
with each crther through certain critical distances. In this theory the force 
of contraction is proportional to the number of interactions, and the proba-
bility of interactions between pairs of sites is large when the filaments 
move slowly past one another and is small when they move rapidly. Hence, 
there would be less force with a high velocity, and the force-velocity rela-
:, tionship of muscle would be explained. Huxley I s theory has been further 
developed by Weber, who has theoretically assigned definite chemical linkage 
to this "sliding chemical model", by proposing that the active sites on 
actin are a series of SH and OH groups, forming and breaking alternately 
-s- and -0- bridges between myosin and act in. Podolsky, in a recent work, 
has added a thermodynamic basis for this model. These recent developments 
will now be considered in detail. 
CHAPTER j5 
THERMODYNAMICS OF MUSCLE; PODOLSKY'S .ANALYSIS. 
A. The First Law of Thermodynamics. 
The first law of thermodynamics defines a relationship between 
the change of energy of a system transforming from state l to state~' 
and the heat evolved from or absorbed by, and tre work done by or on the 
system in the process of the transformation. The relationship is expressed 
as 
where 
i'iE = the change of energy of the system, or E2 - E1. 
Q = heat evolved or absorbed by the system. 
w = work done by or on the system. 
The pathwey for the transformation from state l to state 2 may 
differ widely, and thus the quantities Q and w may differ widely, but never-
theless, the quantity Q - w or i'iE will remain constant in the transformation. 
For example, if a weight is attached to a stretched rubber band, 
and the band allowed to contract, then a quantity of work, W1 , is done. 
Also in the process, a quantity of heat, Q1 , would be absorbed. As an 
alternate path for the transformation of the rubber band from state 1, 
stretched, to state 2, contracted, the stretched band could be allowed to 
contract with no weight attached. Here Wa = O, and Q2 would differ quantita-
tively from Q1 , such that Q1 - W1 = Qa - Wa. 
As another example, consider the chemical reaction 
Pyruvate + Ha _,,Lactate. 
In an electrochemical cell electrical work can be obtained from 
the reaction, ideal}¥ ll,440 calories of electrical work per mole of 
pyruvate. In this process, l0,200 calories of heat are evolved by the 
chemicals, or, -l0,200 calories of heat are absorbed. Hence, 
AE = -l0,200 -ll,440 = -2l,64o calories. 
Note that traditional}¥, the quantity Q is given as amount of 
heat absorbed, be it a+ or - quantity. As an alternate pathway, the 
reaction or transformation could be carried out in a closed vessel with 
no work being obtained from the process. Here w8 = O, while the heat 
absorbed would be -2l,64o calories. Again, 
AE = -2l,64o -0 calories. 
To reiterate then, the internal energy change of a system under-
going a transformation from state l to state 2, is equal to the difference 
between the heat evolved(+ or-) and the work done(+ or-) during the 
transformation. Regardless of the pathway of the transformation, the quantity 
Q - w is invariant, and depends on}¥ upon the initial and final stares of 
the system. 
This is the essence of the first law of thermodynamics. It 
defines the concept energy (or rather, change of energy) in terms of the 
quantities heat and work. It also dictates that the change of energy 
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around a closed path, state 1 .... state 2 .... state 1, must be zero. Note 
also, from the examples, that the internal energy of a system ma;y-be 
converted from one form to another, as Q to w, yet the total amount of 
energy change is constant. In other words, when energy J.s converted from 
one form to another, the total energy is conserved. 
Consider a chemicalreaction 
+ + •.. = + 
proceeding to a stage of completion, or to an extent, g. The symbols A1 
and A;a, etc., represent reactants, or reacting substances; the symbols 
As , A, etc., represent the products of the reaction, the coefficients 
-1 S 
a,_, ~, as, represent the stoichiometric coefficients of the reaction (i.e., 
the numbers needed to balance the reaction, as in C7 H18 + 1102 .... 7C02 + 8H2 0, 
1, 11, 7, and 8 are the.stoichiometric coefficients). From elementary 
chemistry, the final number of moles of either a reactant or product, Ni
1
, 
are related to the initial number of moles of either a reactant or product, 
Ni' according to 
N 1 
i 
where a. is the change of stoichiometric coefficients, positive for products 
l. 
and negative for reactants. 
If the change of internal energy of this chemical system, going 
from state l to a stage of completion, I;, is designated as llE ,. lµ ,. 1;,$, 
where l'jJ° represents the change of internal energy per unit extent of the 
reaction, then the first law of thermodynamics requires that 
If the reaction is an isobaric process, i.e., occurs at constant 
pressure, P, and if the volume change accompanying the reaction is 6V, 
then the work of expansion {or contraction) of the reaction is P6V. Hence 
the total work, w, can be written as 
w = w + ptv, where 
w is the work done by the system in excess of the expansion work P6V. 
Furthermore, the total volume change, 6V, can be written as I; t~v, where 
t~v represents the volume change per unit extent of reaction. Hence, 
and 
s(41+P&:i) = Q-w. 
In classical energetics, the change of energy and P6V terms are 
combined into another quantity, mi, called the change in enthalpy. Accord-
ingly, the above equation can be written 
(25 .1) 
Here, the quantity ,m represents the change of thermal energy 
per unit completion of the reaction when w = O. The heat change can be 
positive in an exothermic reaction, or negative in an endothermic reaction. 
It is seen from equation (25.1), that the extent of a chemical reaction 
can be calculated simply by 
l I; = - (Q -w) 
&-r 
where 
the quantity ..2:... is a proportionality constant, assumed not to depend upon!;. 
,m 
B. Application of the First Law of Thermodynamics to Muscle. 
The Work Quantity. 
In the contraction of muscle, a series of chemical reactions 
are believed to be coupled to a mechanism capable of generating tension 








Figure 25.1 - Reaction Scheme for Initial Processes of Muscular Contraction. 
Consider that A represents the net change in the extent of a 
chain of reactions leading to the development of tension by a muscle. B 
and C represent coupled processes, cyclic in nature, between the chemical 
reactions characterized by A, and the system generating ·the tension. This 
is to say that if a muscle is stimulated to activity, then certain chemical 
reactions occur to an extents, and heat production and work accomplished 
can be measured from the muscle. Yet it is assumed that intermediate 
processes or reactions, Band c, have occurred, which, by the time the 
measurements of heat and work have been completed, have been rebalanced 
to the initial state by reverse processes, -Band -C, etc. For example, 
the breakdown of ATP might occur to an extents with stimulation of a 
muscle, while the cyclic making and breaking of bonds on active siteson 
Jl\YOSin and actin might represent processes Band C, 
In such a series of linked reactions, the a.mount of chemical 
energy made available for contraction is proportional to the extent of 
reaction A, and the rate at which the energy is ma.de available in the 
active state of muscle depends on the rate of reaction A, But, since 
reactions A, B, and Care coupled, any reaction in the chain can be rate 
limiting to the development of muscle tension. Thus if reaction C were 
directly coupled to the contraction mechanism, and if reaction C was 
limited by some property of the contraction mechanism, then this property 
would also control the rate of reaction A, (providing the limited rate of 
C is less than f;J, since A can proceed no faster than C, Furthermore, if 
Band C return to their initial state by the time heat and work measure-
ments are taken, then these cyclic reactions do not affect the overall 
energetics or thermodynamic equations of the system, since L'ili: around a 
closed path is zero. 
In order to measure the heat production and work performed by 
a muscle, recall that there exists a hyperbolic relationship between the 
load Pon a muscle and the velocity of shortening, such that the greater 
the load the slower the rate of shortening. Since, in an isotonic contrac-
tion, the velocity of shortening is constant, Palso represents the tension 
developed by the muscle. The experimental curve is matched by Hill's 
empirical equation 
(P + a)v = b(P - P), 
0 
where a and bare muscle constants, Po is the isometric tension. For the 
following analysis, it is assumed that the muscle is stretched in the 
resting state to approximately natural body length, and that the emDlmt 
of shortening which occurs with activation is small, so that heat and 
work properties that are a function of length can be neglected. In other 
words, it is assumed that the muscle length remains in the region of the 
broad maximum of the length-tension curve. With this assumption, the 
tension developed by the muscle can be expressed as a function of the 
velocity of shortening, by rearranging equation (25.2): 
p = bPo - av v+b (25.3) 
Now consider that the work, w, which the muscle does in 
contracting, is equal to the load, P, lifted through a distance x, or 
w = Px. 
Differentiating both sides of this equation with respect to 





p dt = Pv. (25.4) 
C 
If both sides of equation (25.3) are multiplied by velocity, 
Pv = 
v(bP 0 - av) 
v+b 
then the power of the muscle can be. expressed as 
dw 
dt = Pv = 
v(bP - av) 
v+b 
(25.5) 
and is a function of the speed of shortening. With this expression, the 
thermodynamic quantity work can be evaluated in terms singly of velocity. 
The quantity heat will be evaluated in tle next chapter. 
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CHAPTER j6 
THERMODYNAMICS OF MUSCLE; PODOLSKY'S ANALYSIS, continued. 
A. Application of the First Law of Thermodynamics to Muscle. 
The Heat Quantity. 
As muscle shortens, energy leaves the system not only as work 
but also as heat. In an earlier chapter it was pointed out that the portion 
of heat produced by contracting muscle, above isometric heat production, 
is proportional to the amount of shortening, and that it does not depend 
upon the velocity of contraction. 
The total heat production of muscle, Q, is the g_uantity of heat 
produced during isometric contraction, '1c,, plus the heat of shortening, 
written as ax. Thus 
Q "' - ( CJ. + ax) 
0 
If this eg_uation is differentiated with respect to time, then 
dx 
a dt ), 
or 
(26.1) 
As was pointed out in an earlier chapter, the constant of 
proportionalit;i a, is dimensionally and numerically the same as the "a" 
in the force-velocity relation. Eg_uation (26 .1) shows that the rate of 
heat production by muscle is a function of the speed of shortening, v. 
B, Characteristics of the Chemical Kinetics of Muscle 
(} Recall equation (25 ,1), where 
\ 
(25.1) 
Let this equation be differentiated with respect to time: 
(26.2) 
Note that expressiom for Q and w have been derj_ved in equations 
(26.1) and (25.5). Hence (26.2) can be written: 
or 
= 
v(bP 0 - av) - av - v+b 
4a(v+b) + av(v + b) + v(bP - av) 
0 
v+b 
4ob+ [ q,, +b(a+P 0 ) ]v 
b+v 
Equation (26.3) is an expression for the rate of reaction A, 
as a function of the velocity of contraction. The term <Jo is a constant. 
The relationship between I; and v can be seen to be hyperbolic in character 
if the following transformations are made. 
numerator: 
Beginning with (26.3), multiply out the right hand term of the 
g,,b + (g., v + bva + bvP0 ) 
b+v 
Replace P0 with its equivalent 4a: 
= 
~b + (~v + bva + 4abv) 
b+v 
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Since ab = g,,, 
<ii, b + <io6v 
= b + V 
Now, since P0 = 4a, to the right hand term of the numerator 
= 
24va 
g,, b + g,, po 
b+v 
Dividing each term in the numerator and denominator by b, 
. . 24va 
= 




To the right hand term of the denominator, 
24va . 
CJo + CJo bP0 
= 
4 va l + bPo 
(26 .4) 
bP Recall that v = v = .::'.=l2.. Let the ratio of velocity to max m a 
maximum velocity, ..::!.... = 
vm 
substitute into equation 




be called the reduced velocity. Now 
the quantity 'i', signifying the reduced 
<Jo + <Jo 241' 
l + 41' 
Finally, if vis zero in (26.3), then (26.3) reduces to 













Figure 26.l - Relative reaction rate,~/~, as a function of the 
reduced velocity of contraction, Y = v/v . The 
m 
dotted line shows the relationship between the 
extent of reaction for unit distance of contraction, 
d~/dx, and the velocity of contraction. 
Equation (26.6) clearly shows that the reaction rate for 
contraction is a hyperbolic function of the velocity of contraction. If 
this analysis is correct, then such a relationship is a requirement· of any 
mechanochemical model, regardless of the detailed mechanism of the con-
r 
l 
tractile process. Figure 26.1 illustrates the relationship, with the 
ratio ~/f,,, being plotted on the ordinate and~= v/v on the abscissa. 
m 
It is seen that as the velocity increases, the relative rate of reaction, 
smooth curve in the figure, also increases. The dotted curve of the 
figure shows the relation between the extent of the driving reaction for 
a given distance of contraction as a function of the velocity of contrac-
tion. The function is derived from 
~-dx -











Thus!! is not independent of the shortening speed. If the 
driving reaction A was coupled directly to the displacement of the muscle, 
then ~~ would be independent of v. However, as ~~ incree.ses with decreasing 
velocity, for a given amount of shortening, the reaction A proceeds to a 
greater extent, apparently, when the muscle moves slowly rather than 
rapidly. 
One final characteristic of the reaction rate is as follows. 
Reconsider e~uation (26.3): 
g,,b + [g,, + b(a + P0 )]v 
v+b 
}6.6 
When vis the maximum shortening rate (taken from the force-
d bP0 - av bP0 ) velocity curve an p = v- + b where p ... o, or vm = a , corresponding 
to an unloaded contraction, the chemical reaction rate, i;" is calculated 





g,, b + [g,, + b(a + P0 )] ~ 
bP0 + b 
a 
bP0 + ab 
a 
( a ) ~c a g,, b bP
0 
+ ab + a bP
0 
+ e.b ) + 
g,, a 
+ P0 + a 
abP0 + 
P0 + a 
+ P bp +bp ,.a g,,a q,., o + a o '-' 
Factoring the numerator, 
= 
(cio + bP0 ) (P0 + a) 
P0 + a 
~ 




Equation (26.8) can be written as 
Substituting to for - !/e-, 
mr 
Hill empirically has evaluated <io and P0 as 'lo = ab and 
P0 = 4a, so that (26.9) becomes 
(26.9) 
(26.10) 
Thus, it is seen that the reaction rate for an unloaded 




CHAPTER 2 7 
THERMODYl'l.AMICS OF MUSCLE; PODOLSKY I S .ANALYSIS I CONCLUDED. 
Models of the Kinematics of Contraction 
The kinetics of muscle contraction described in the preceding 
two chapters can be incorporated into two single models in which a 
reaction rate depends on the relative position of two moving sites on 
the "contractile proteins". Recall that skeletal muscle is made up of 
two sets of interdigitating filaments, actin and myosin, and that when 
muscle shortens, the actin filaments appear to be drawn into the matrix 
of the myosin filaments. If the rate of one of the reactions linked 
stoichiometrically with the driving reaction A, Figure 25.1, depends on 
the position of sites on the actin filaments relative to complementary 
sites on the thick filaments, then the reaction rate will depend on the 
speed with which the actin and myosin move past each other. Thus the 
rate of the driving reaction is linked to the shortening speed of the 
muscle. Figure 27 .1 pictures schematically this proposed arrangement. 
)._  ___,}(,._T_s_i t e_s_~_,,--.,...._ _ __,.......,...._ _ __.{ myosin 
actin 
t site t site 
Figure 27.1 - Idealized structural model for reaction scheme. 
Let the active sites on the myosin filaments be called T, and 
those on the actin filaments, t. Suppose that a substrate, such as ATP, 
is bound to the t sites, and subsequently split or b:ydrolized by an enzyme 
located on the T site, the reaction being called a T-t interaction. The 
probability that such an interaction could occur, k, would depend on the 
X 
proximity of the sites to each other. Assume that as a pair of T and t 
sites pass each other, the interaction wcy- or may not occur, but can occur 
only once. · If the reaction is the rate limiting step of the series of 
Figure 25 .1, then it controls the reaction sequence and can be equated 
dg 
to dt" First, however, the kinetics of the T-t interaction must be derived, 
as follows: 
Consider that a pair of sites move past each other with a rela-
tive but constant velocityµ, and that the distance of at site from a 
T site at any time is x. If a 100% probability of interaction is equated 
to unity or 1, then any probability of interaction is n, and the probabi-
lity that the interaction has not occurred is (1-n). For example, for a 
particular position x, there may be an 80% probability { .8) that the 
reaction has occurred, and a 20% probability (1-.8 = .2) that it has not 
occurred. In the next instant of time, dt, the change of probability is 
dn. As in a first order chemical reaction, then, the rate of change of 
probability is equal to a specific reaction-rate constant, k , timl the 
X 




Since the distancerof the relative positions of the sites 
dx changes in an element of time dt is dx, and since dx = dt dt = µdt, 
equation 27.1 can be written 
dn = k (1 - n)dt 
X 
) dx = k(l-n--x dx 
dt 
= k (1 - n) dx. 
X µ (27 .2) 
Therefore, the probability of interaction at any point xis 
given by integrating (27.2) from+ to - 00 of x, as follows: 





= --- n µ µ 
Rearranging (27.3), 
k k dn X X -+-n = dx µ µ 
k 
__2L 




Then dx = dx 
(27.3) 
(27.4) 
1 + z. (27. 5) 
(27 .6) 
gives 
Substituting for n and: from (27.5) and (27.6) into (27.4), 
k 
a.z + _x (1 z) + = dx µ 
or 
dZ k 
= _,2S z 
dx µ 
.Solving for Z, 
and 
and 
Evaluating C, whenµ= 00 , then 
and 







Also when µ = 00 , n (the probability for interaction) is zero 
so that from {2'7-5), Z = -1. 
Hence C = -ln(-1). 
Therefore (27.8) is written 




ln (~J = k -J2ax µ 
and 
"' k z e- J_"' 2dx 
-1 = µ 
Letting )._ = J_: kx dx, then 
)._ 
z = - e iI 
Substituting this value of Z into (27. 5), 
)._ 
n = 1-e µ 
(27.10) 
(27.11) 
It is clearly seen from (27.11) that as the velocity of 
shortening increases, the probability of reaction decreases. This is 
qualitatively similar to the extent of reaction per unit of shortening, 
dg/dx, which also decreases with increasing velocities. The term k 
X 
has been called a specific reaction-rate.constant, but its value may 
vary with x, so that s_: kx dx represents the area under the interaction 
probability curve, which may or may not be symmetrical about x. 
To appzy (27.11) to contracting muscle it is assumed that the 
reacting sites on each set of filaments are distributed, though perhaps 
L 
with uneven spacing, with uniform linear density, and that each T-t inter-
action is independent of interactions of neighboring sites or of previous 
transits. Two models for contraction will be considered, a sliding and 
a folding model. In the sliding model, the contraction force arises from 
interaction between actin and myosin, while in the folding model, the 
force arises from a change in the elasticity of the actin filament. In 
this model the ends of the actin filament must be fixed relative to the 
myosin filament. In both models, contraction is accompanied by a shorten-
ing of the I band, with the A band remaining constant. 
In the application of (27 .11), the sliding model will be 
considered first. Let the rate of shortening of the muscle, the velocity 
of shortening, in muscle lengths per second, be v. The velocity at which 
the active sites move past each other must then be half as great as v 
since the rate of contraction of an I band, comparable to muscle shortening, 
is occasioned by the halves of a sarcomere approaching each other. If 
the site velocity,µ, is divided by the sarcomere length, then v = 
2
8µ 
in muscle lengths of shortening per second. Furthermore, if the distance 
between t sites is L, then each T site will be presented with µ/L sites 
per unit of time. In other words, ifµ is 10 cm./second, and the distance 
between t sites is.2 cm., then in one second each T site will be presented 
10 to~= 50 sites. Therefore, if Mis the ntnnber oft sites per cubic 
centimeter of muscle, and n is the probability of reaction between T and 
t, then M x t X n = the interaction rate per centimeter of muscle. 
}7. 7 
Since the rate of chemical reaction is finite at zero velocity, l;c,, the 
rate i.s expressed as 
= (27.12) 
In terms of speed of shortening of the ends of the muscle, 
substituting sv/2 forµ, (27.12) becomes 
21,_ 
t - g,, = I~~ (1 - e - Sv ) (27.13) 
Considering the folding model, the ends of the actin filaments 
are made fixed relative td the nzy-osin filaments. With activation, the 
actin filaments fold, pulling the :myosin filaments closer together. It 
is assumed that the actin folding is linear, and that the region of 
folding is interdigitated with the myosin filament. At the fixed end, 
the relative velocity of T to t sites will be zero, and will have the 
value [1 at the folding region closest to the I bands , As in the sliding 
model, the shortening velocity of the sarcomere is 2 µ. Therefore, if 
vis the ratio of the distance of a given t site from the fixed end to 
the length of the folding region, its relative velocity will be µ at the 
1 free end, 0 at the fixed end, 2 µ in the middle, or in general vµ. A 
T site will be presented then with vµ/L t sites per unit of time, where 
L again is the distance between t sites. If it is assumed that in this 
model, the reaction rate at zero velocity is zero, or ~o = o, and if per 
centimeter of muscle the relative velocities at each point are summed: 
,. 
Ivµ, then 
0 " M ' ( --, ~ = y J
0 
r 1 - e µv ) dr (27.14) 
is the reaction rate per cm. of muscle, assuming again that~ is limited 
by the rate of T-t interaction. The indicated integration of (27.14) is 
carried out as follows: 
" g = MLµ J: r (!. - e- µv) dr (27.14) 
" M" l s' dr s' -µr " J = =L r - re dr 
0 0 
(27.15) 
To evaluate the integral of (27.15) let 
z " = µr (27.16) 
Then 
" r = µZ (27.17) 
and 
dr " = --;:-:rdZ, µZ (27.18) 
Substituting (27,17) and (27.18) into (27.15) gives 
" ( " ' -z µZ - µZa) e dZ 
" = !:11: + M:\2 J µ 1 -z dZ 
2L I.µ °' ?!3 e (27.19) 
j7.9 
The limits of the integral of (27. l9) are obtained as follows: 
when r = l, Z = i, and when r = o, Z = oo• µ 
Integrating the integral of (27.l9) by parts, letting U = e-Z 
-z l l -a 
dU = - e dZ, dV = 7 , V = - 2 Z , gives: 
(27.20) 
-z 
!:.._ dZ}. z2 (27-2l) 
-z 
Integrating the integral of (27.2l) by parts, letting U = e ' 
-z 1 1 
dU = -e dZ, dV = za, and V = - z , then 
- l 
Hµ M\ { 
a µ - I:! e g = 2L + Iµ 2\a 
" 11! M\2 l a µ - µ e = 2L + Iµ 2\2 
l l 
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Equations (27.24) and (27,12) predict the kinetics for the 
folding and sliding models of contraction, and can be compared with that 
derived from the Hill equation for work and heat production (26 .6). 
In equation (27,12) for the sliding model, the quantities~ 
and ),. are not knmm ( 14 = ~v ) , but two values for each term can be 
selected such to fit two different relative velocities on Figure 26.1, 
and then other values of ~ calculated. The resulting cur,re closel;y-
approximates the hyperbolic curve of Figure 26.1, as seen in Figure 27.1. 
Equation (27.24) can be treated in a similar fashion, prCY,iding the last 
term, the exponential integral, is neglected. The results again closel;y-








Figure 27 ,1 - Smooth curve: relative rate of reaction as a function of 
reduced velocity. Circles: predicted kinetics for sliding 
model. Crosses: predicted kinetics for folding model. 
The close agreement shmm in Figure 27 .1 supports the initial 
hypothesis that interaction between filaments in relative motion controls 
the rate of the driving reaction for contraction. However, the anal;y-sis 
is unable to distinguish between the merits of the sliding and folding 
hypotheses. 
Consideration of 
HUXLEY'S ANALYSIS OF CONTRACTION (ref: Frog. in Biophys. 7: 255-318, 1957) 
A Underlying Theory 
Basic to Huxley's analysis is the concept that actin and myosin 
filaments interdigitate, and that the myosin filaments have attachments 
which slide along the main substance of the filament. The sliding or 
oscillating attachments are thought of as combining temporarily with sites 
on adjacent actin filaments, the connections forming spontaneously but 
broken only by an energetic reaction. The rates at which connections are 
made or broken are assumed to depend on the position of the sliding attach-
ment relative to the myosin filament, and that the reactions are catalyzed 
by enzymes fixed to the myosin filament. Such a conceived system is illus-
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Figure 28.1 - Schematic Mechanism for Contraction. 
j8.2 
motion of the filaments during muscle shortening. The O position is the 
equilibrium position of the M site. During shortening, the actin filament, 
attached to Z bands at either end, moves to the left relative to the myosin 
filament. The distance of A site from the equilibrium position of the M 
site is designated as x, and is positive if A is to the right of O. 
Let the rate constant for making a connection between A and M be 
f, and that for breaking the connection, g. Both of these constants, how-
ever, are to depend on x, in that as x decreases, f decreases in a linear 
manner (f recedes from A) to zero at O position, while g e.lso decreases to 
zero as x decreases in a linear fashion, but is alwa;y-s numerically less 
than f. 
The sequence of events would be as follows. Initially, sites M 
and A are detached, with M oscillating on either side of its equilibrium 
position due to thermal agitation. If a M-A connection is made, then tension 
is exerted on the actin thread, and can only happen to the right of 0. Once 
the M-A interaction has occurred, however, there is always a chance that it 
will be broken, since g is finite at all points of x, except where x = O. 
When the A-M link passes Oto the left, then consider that f remains zero, 
but g instantaneously increases to a large and constant value, so that the 
probability is great that the link will be broken, thus preventing tension 
from being exerted in the opposite direction to the shortening of the muscle. 
Thus, at high rates of shortening, a large proportion of the links 
will not be broken in time to prevent a considerable resistance to shorten-
ing. In the sequence of events, let a high energy phosphate compound, XP, 
be bound to site A, and combining with site M, After detachment of A + M, 
let XP be split to X and P, the fragments no longer being bound to site A, 
At this point it is supposed that A is to the left of the equilibrium 
position, and with further shortening, moves on to the next M area, while 
another A site moves into the original M site area. The overall A-Minter-
actions are asynchronous. The detailed reactions are: 
B, 
AXP + M - AXPM (rate constant f) 






Let there be a large nuniber of contraction sites, all with the 
A site in the same relative position to O, with the same x value. Let 1 be 
the total number of these sites, combined or uncombined, end n the proportion 
combined (M with A), and (1 - n) the proportion not combined. As in first 
order reactions, therefore, 
dn 
dt = (1 - n)f - ng. (28.4) 
or the rate of change of n is the product of the rate constant f and the 
number of sites not combined, minus the number combined times the rate 
constant g for breaking the combination. Also, since v =:,where v = the 
~8.4 
velocity at which the actin and ll\YOSin filaments slide past each other as 
the muscle shortens, equation (28.4) becomes: 
dn 
-v dx = f - (f + g)n. 
The velocity is negative since x decreases during shortening. 
As in Chapter 27, in terms of the rate of shortening in muscle lengths per 
second, V, vis equal to sv/2, s being the sarcomere length. Thus, (28.5) 
can be written as 
sv dn - 2 dx = f - (f + g)n. (28.6) 
Energetically, as a result of reactions (28.1) to (28.3), consider 
that one high-energy phosphate group is split off, liberating e ergs per 
contraction site in one cycle. Let the frequency with which A sites are 
presented to each M site be v/L, where Lis the distance between A sites 
on the actin filament. Furthermore, since the reaction of an M site is a 
first order reaction, then:= (1 - n)f, where n is the probability of the 
reaction. Such probability, times the frequency of A sites present, or 
X ::::: _co 
n = E j f(l - n)dt 
X = co 
is the number of times each M site enters a cycle of reactions :i:er second. 








dn -v- = f(l - n), 
dx 
l 
- :;;:(1 - n)f dx, 
equation (28.7) can be written as 
" "' 
n = ¥; j f(l - n)dx, 
-"' 
(28.8) 
If mis the number of M sites per cubic centimeter of muscle, 
and e the ergs per contraction site per cycle, then the total rate of energy 
liberation per cubic centimer of muscle is 
follows. 
"' 
E = ~e j f(l - n)dx 
-"" 
The tension generated by a contracting muscle is formulated as 
Assuming that the M site attachment can be represented as a 
simple spring, then once an A-M interaction has occurred, the tension 
generated by the interaction at any point xis kx, where k is the spring 
stiffness coefficient in dynes/cm. The work done as the two filaments 
slide past each other is 
j "' kx dx, 
-"' 
In a section of muscle the number of interacting sites, or 
probability of A-M combined sites, varies, and is a function also of x. 
Hence, in a section of muscle, the work generated is 
}8.6 
j "' n kx dx; 
-"' 
Since work is force x distance, the force or tension generated 
is 
ex, 
~ j" n kx dx, 
L -°' 
where L, again, is the distance between A sites. The total tension developed 
by a muscle is the sum of the tensions developed by all the contraction sites 
within one half of a sarcomere, or s/2. If the total number of M sites per 
cubic centimeter ism, then the number of sites responsible for the total 
tension is ms/2. The total tension generated per cm2 cross-sectional area 
of muscle is therefore: 
p msk = 2L j 
0, 
nx dx. (28.10) 
-"' 
In order to evaluate eg_uatio!1l (28.6), (28.9), and (28.10), the 
manner in which f and g vary with x must be detailed. Figure 28.2 illustrates 
the basic assumption for the relationships. The figure shows that to the 
left of x = o, g is a constant, ga, while to the right of o, g increases 
from Oas x increases. f is Oat x = 0 and to the left of x = o, then 
increases at a rate greater than g to the right of x = o. At x = h, f 
again drops to zero. The ordinate scale is chosen such that l eg_uals the 
value off+ g at x = h, 
4 
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Figure 28.2 - Variations o:f :f and g with x. 
Therefore, when x < O, :f = 0 and g = &!· When x = h, let the 
value o:f g = g1 • 
2h Then at x = 2h, g = g1 h = 2g1 ; or in general when x > h, 
X 
g = g1 h and :f = O. 
X X Likewise, when O < x < h, :f = :f1 h and g = fu ii' Using these 
relationships, equation (28.6) can be solved. 
Consideration of 
HUXLEY'S .ANALYSIS OF CONTRACTION, CONTINUED; SOLUTION OF EQUMIONS 
Equation (28.6), 
sv d.n - 2 dx = f - (f + g)n 





f = o, g = g,a 
f1 X g,x 
f=h,g=h 
f O g1x = ,g= h' 
When x > h, no links between actin and myosin have been ma.de, and 
will not be ma.de, since f = 0. Hence in this case, n = 0. 




The solution of this differential equation is the combined solu-
tion of a particular solution and the solution of the complementary or 
homogeneous equation. A particular solution occurs when n is a constant, 
d.n ··~ 
then dx = 0. Hence ) 
'------ - . -----,/ 
and 
(29.2) 
The solution of the homogeneous equation, 
(29.3) 
is found by arranging (29.3) as 
dn 
- = n 
2(f1 + & ) 
SVh x dx, (29.4) 
Integrating, 
ln n = f1 + gl a SVh x +C, 
Taking the log, 
(f1 
~ = Ce (29.5) 
Combining the particular solution, (29.2), with the solution of 
the homogeneous equation, (29.5), gives 
n = (29.6) 
The constant of (29.6) is evaluated by realizing that when x = h, 
n = O. Thus, (29.6) becomes 






(f 1 + & )h 
s 




- P. (fi + & ):i:2 
f f V SVh n = f1 f1 
e e 
+ gl + gl 
(f1 + & )xa ,jJ 
f (1- SVh - v) f1 e = +& 
\/hen x < o, equation (28.6) is written 
sv dn 
- 2 dx "' - ggn. 
dn,. ~dx 
n SV 





Evaluating the constant of (29.lO), realize from (29.8) that 
when x = O, 
nx = o = (29,ll) 







e - v) = c. 
Substituting this value of C back into (29,lO) gives the desired 
(29,l2) 
In sunnnary then, the three solutions of equation (28.6) are 
n = 0. 
(29.8) 
n = (29-l2) 
Equation (28. 9), 
"' 
E = ~ j f(l - n) dx, 
L -"' 




E = ~LJ fdx-J fndx] 
L _co _co 
Since 
f ( f1 + gi ) - f1 1 f1 = 
2f jh ( 
f 1 + ?" x e 
0 
gl' 
1) .£ .]. 
V dx 
i3 ¢ 
-h:ir - 1) -
V d,'{ J (29.13) 






h f = - J . L gl +~ 0 h V dx me 2L • f1 + X e gl 
The integral of (29.14) is evaluated as follows: 
¢ 
- V dx 
x"¢ - 2 
h h2 V j e V dx = O Xe 
a 
Letting ~2~ = µ, then dµ = hat dx and X dx 
(29.14) 
(29.15) 
Substituting this value of x dx into (29.15), 
¢ 
- V jh h2 V 
= e ·-eµc41 o 2¢ 
¢ 
- v h2 V µ I h 
= e 2¢ e o 
¢ ¢ - P.. 
- v ~:v Lev - i] h2 V L V ] . = e = - 1- e 2¢ 
With this solution of the integral, (29.14) becomes 
(29.17) 
In a similar fashion, equation (28.10), 
msk ' 
00 
P = 21 j n X dx, -oo (28.10) 
is evaluated. 
Substituting into the equation the various values of n: 
"' msk j' f 
p = 21 L _"' f1 + 
h 
j f X dx + f 
O 1 + gl 
i" ¢ 
(- (~ - i) v ] 
\_1-e )xdx 
o - p_ . 2xg,, h 
L j _,,,(i. - e V ) e SV x dx + t (i. - x" ¢ ( ~ - 1) v ). ] e x dx 
msk 
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1) P. ] 
V X dx 
- P. 2:x&, a 
- e V jo x e SV dx + !1.._ 
-., ' 2 
For the first two integrals above, using the relation 
J x eax dx = 1 ax aa e (ax - 1) 
~ 




e ( SV X 
(29.18) 
The last integral is evaluated by letting 
2x¢ 
dµ = h2V dx, and x dx 
¢ 
- - h 
e V j 
0 
msk 




msk p = 2L 
Thus the integral beccmes 
i'¢ loh hav 
• e = 
Equation (29.18) is therefore 
• 
ha L ½ C f1 rs:-g,J~(1-f f1 + • 2 gl 
¢ 
e 
ha L f 
- ~ (1 - e- v) 0-+ ½< • f1 + . 2 1 61 
the desired solution. 
- P. 
V)+i-~0- e -i)] 
f1 + &it~)] ga 
(29.19) 
The maximum work, w, that one site performs during cne contraction 
is the product of the f, kx h or kh, and the relative distance the A and 
x= 
M sites move, or~- Hence, w = kha /2. The coefficient o:f (29.19) can 
accordingly be written 
The rate of doing mechanical work is the tension P times the 
velocity of shortening or PV. In terms of PV, equation (29.19) is written 
mslU 
2L • 




Finally, the rate of liberation of heat, H, from the muscle is 
the rate of total energy- liberation minus the rate of doing mechanical 
work, or 
H = E - PV. (29.20) 
L 
EVALUATION OF HUXLEY'S ANALYSIS OF CONTRACTION 
In the preceding chapters, .equations were presented for the rate 
of energy liberation per cubic centimeter of muscle, for the total tension 
generated per centimeter 2 cross-sectional area of muscle, for the rate of 
doing mechanical work, and for the rate of liberating heat. These equations 
will now be fitted to experimental data. 
Over twenty years ago, A. v. Hill determined certain relationships 
concerning the behavior of muscle. Two of these empirical relationships are: 
l. 
2. 
The rate of liberation of heat increases linearly with the speed 
of shortening; i.e., the shortening heat is constant. 
The total rate of energy liberation, work plus heat, increases 
linearly as the load is reduced below the isometric tension level. 
As was discussed in a previous chapter, these relationships led 
to the Hill equation: (P + a)(V + b) = constant. The constant "a" was 
found to be equal to t'f'o (isometric tension), and "b" = 
E = 








When the velocity of shortening is zero, V = o, then E = Eo, and 
is the rate of maintenance heat production: 
Eo = 
h 
me 2L (30.1) 
Thus the rate of "extra" energy liberation with contraction, that 





e V ). (30.2) 
In order to match these various equation with Hill's empirical 
data, the ratio of fo/f 1 is chosen so that the rate of maintenance heat, 
equation (30.1), is about the same as found experimentally, and equal to 
ab. By trial and error, Huxley arrived at the following approximations: 
g1/f1 + gl = 3/16 
g,,/f1 + gl = 3,919 
and a ratio of w/L = 0.75 
Using this data, then, the theoretical curves can be matched to 
Hill's empirical curves. Figure 30.1 shows the relationship between the 
speed of shortening and tension. The smooth line of the figure is a plot 
of Hill's equation, while the circles are a plot of 
(30.3) 
In the theoretical plot, values of P are calculated for various 
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Figure 30,l - Velocity of shortening vs. tension. Continuous line: Hill's 
data; circles: theoretical equation (30.3). 
the value in unloaded tetanus, and the abscissa is the tension as a fraction 
of the value in isometric tetanus. The deviation of the theoretical plot 
from the experimental data is negligible. 
Figure 30.2 shows the relation between the total rate of energy 
liberation, heat + work, and tension. Again the solid line is from Hill's 
data, while the circles represent a plot of equations (29.17) plus (30.3). 
On the abscissa scale, unity is P0 , and on the ordinate scale, unity is the 
product P0 V max. 







Figure 30,2 - Rate of Energy Liberation vs. Tension. 
Figure 30,3 further illustrates the closeness of the fit between 
experimental and theoretical plots. Here the relationship of rate of heat 
production to speed of shortening is shown. The ordinate scale is as in 
Figure 30.2, while unity on the abscissa scale is V max., the speed of 
shortening in an unloaded tetanus. 





Speed of Shortening. l.O 
Figure 30. 3 - Rate of Heat Production vs. Speed of Shortening. Solid 
line: l!ill 's data; circles from equation (29.20). 
Finally, Figure 30. 4 shows the re lat ions hip between the total 
,,-,•-... rate o:f energy liberation and the speed o:f shortening. The scales are the 
' same as in Figure 30.3, and the solid line is derived :from Hill's relation-
ships. The circles are calculated :from equation (29.17). 
0.32 




0 Speed o:f Shortening ~ 
1.0 
Figure 30.4 - Total Rate o:f Energy Liberation as a 
Function o:f the Velocity o:f Contraction. 
As can be seen :from Figures 30.1 through 30,4, the :fit o:f the 
theoretical equations with actual behavioral data is not exact, but probably 
within the experimental error with which the data was collected. One 
improvement on the theory ma;y be to alter the relationships o:f :f and g to x. 
Other relationships have been tried, such as rendering :f and g constant, or 
having :f and g vary exponentially with x. Such efforts, however, have proven 
unprofitable. 
The assumptions defining the :function o:f :f and g with x may seem 
at :first glance to be unreasonable. However, with these assumptions, the 
" 
,_, 




V = 0.1 V max. 
-1.5 
V = 0.25 V max. 
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of sites at which links between 
actin and D'\)'OSin are in existance) with x (position of A site 
to M site = o, for four different shortening speeds. 
manner in which n varies with x is not unreasonable. Figure 30. 5 shows the 
values of n, calculated from n = 0 at x > h, and from equations (29.8) and 
(29.12), for four different speeds of shortening. Thus, during isometric 
contraction, with V = o, the proportion of sites formed remains constant 
regardless of the length of the muscle. During shortening, the proportion 
of sites rises rapidly from zero at h, to a maximum value at x = O, then 
falls off extremely fast to zero at minus values of x. As the velocity of 
contraction approaches the maximum, V the proportion of the linked max., 
sites decreases, as one would expect, and the breaking of the links is also 
retarded. Thus the assumptions behind f, g = f, f'(x) becomes more profit-
able. For further discussion of this theory, the reader should consult the 
writings of A. F. Huxley. 
At this point the book is concluded. With the work of Podolsky 
and Huxley, the reader is brought to the frontier of knowledge about muscle. 
If the present day hypotheses seem inadequate, which they are, one should 
tt-iQt 
keep in mind we pohlts. •.Fi! s~, future hypotheses will not be easily 
conceived, ans second, 3:113,e reading a book ehou;t rn11scJ fl is real:ly'-notll:ing 
